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FOREWORD 


This is the fourth and final book in the series “A Textbook of Mathematics for 
Classes XI-XII". Definite lines for its development and presentation of the subject 
maticr were evolved by the mathematics group in the Department of Education in 
Science and Mathematics (DESM) at the National Council of Educational Research 
and Training (NCERT) under the guidance of Prof. Manmohan Singh Arora. Draft 
materials were prepared by a group of teachers. subject specialists and users of Mathe- 
matics, keeping as central the guidelines developed, ay a werkshop held specifically for 
this purpose at the Department of Mathematics. Kurukshetra University, Kurukshetra, 
in October 1977. 1 record ту appreciation of the important contribution which each 
one of the participants has made in shaping this book. 

Final writing and content editing was done by Prof. Manmohan Singh Arora. 
He received valuable assistance from Dr. Ajit Kaur Chilana, Department of Mathe- 
matics, University of Deihi; Dr. K. P. Chinda, Department of Mathematics, Hindu 
Colleg., Delhi: Dr. Satish Shirali, Centre for Advanced Studies in Mathematics, Panjah 
University and Dr. R. P. Gupta of DESM. 


Mention must also be made of the valuable contribution of Dr. Ram Autar, 
Dr. S. K. Singh Gautam and Dr. К. С. Madan of DESM who assisted the editorial 
team in many ways. The Hindi version was looked after by Dr. K. C. Madan and 


Shri Mahendra Shanker. Answers rere provided by Dr. S. C. Das and Shri G. D. 
Dhall. 


Гат highls appreciative of the long hours each one has put in to have this book 
ready well in time for the second semester. I record my gratitude to each one of them, 
particularly. to Prof. Manmohan Singh Arora who carried the brunt of the burden in 
editing this book in addition to his other duties. 


The Council will be grateful to the users of this book for their reactions and ans 
Suggestions for further improvement in its next edition. 


Sum K. Mirra 

Diretor 

New Delhi National Counci! of Féucafional 
October. 197a Research «nd. training 


РВЕЕАСЕ 


This book is fourth in the series “A Textbook of Mathematics for Classes Х1-ХИ.” 
On the cardinal question. ‘Should there be separate mathematics courses for different 
categories of users, viz., students of biology, physics, economics, etc., or only one core 
course to meet the needs of all students for Classes XI-XII °", we contacted several experie- 
nced teachers and subject specialists. They all favoured one core course in mathematics at 
this stage with situations drawn from various fields of application. 


With a detailed outline developed atthe Council, taking fuil cognizance of the 
prerequisites of the child, his expected level of attaintment, capability for intake and several 
allied factors, the first draft of the book was prepared in the Department of Education in 
Science апа Mathematics (DESM) This was taken to a workshop organised for the 
purpose at the Department of Mathematics, Kurukshetra University, Kurukshetra, to which 
several teachers and subject experts were invited, for its critical review. I am very grateful 
for the contribution each спе of the participants of the above workshop made as also for 
the work done by my colleagues at the Council. 


I then undertook to edit and rewrite the materials with the valued assistance of 
Dr. Ajit Kaur Chilana, Department of Mathematics, University of Delhi; Dr. K. P. Chinda, 
Department of M? hematics, Hindu College, Delhi; Dr. Satish Shirali, Centre for Advanced 
Studies in Mathen.atics, Panjab University, Chandigarh; and Dr. R. P. Gupta of DESM, 
Dr. Ram Autar, Dr. S. K. Singh Gautam and Dr. K. C. Madan of DESM provided valu- 
able support in more ways than one. The Hindi version was looked after by Dr. K. C 
Madanand Shri Mahendra Shanker. Dr. S. C. Das and Shri G. D. Dhall provided the 
answers. I record my deep gratitude to each one of them for their unstinted co-operation 
and assistance without which it would not have been possible to edit this book in so short 
a time. 


It is in the fitness of things to draw atteniion to some of the salient features of 
this book which are mentioned below: 


1. The book keeps to the same style as the Council's books for classes IX and X. Under- 
standing of concepts and results has been emphasized, often by appealing to the 
heuristics and even at the cost of rigour at times. 


( vi) 


2. Suitable examples and situational motivation have been provided while introducing 
a concept. 


3. There ıs an abundance of solved examples to let the student appreciate the wide area 
of application of a concept. 


4. The book is divided into self-« ntamci units. Each unit opens with a preview of 
what is contained in it and is followed by a lis: of key concepts to enable the child to 
quickly review and recall what he has studied in a particular unit. 


5. Suggestions for further reading are provided at the end of every unit to let the interes- ү 
ted students expand their horizons. * E 


6. The numerous exercises in each unit are intended to place in the hands of the teacher 


a stock of questions in order that he can meet adequately the needs of the students 
with dil'ering ability levels. 


7. Recall sections, units and exercises have been inserted to highlight the concepts that 
a child ought to grasp before he goes on to the next section or next unit. 


8. Miscellaneous exercises have been included at suitable places so that the student can 
review the materials at appropriate intervals and attain proficiency in the subject. 


9. "Why? has been added at several places to whet the student's mathematical thinking 
and to help him to crystallise his ideas while searching for the answers. The teacher 


is, therefore, expected to prod the student to supply the answers rather than simply 
give the answers himself. 


16. Harder problems and sections are marked with asterisks. | 


11. Historical anecdotes have been introduced to let the student реер into the process of | 
evolution of a particular concept and see what goes on in the mind of а keen student w | 
of mathematics. 


You are about to study this book in mathematics. If you imbibe certain ‘good’ lear- 
ning habits from the outset, you will find the study of mathematics captivating and rewar- 


| 
Here again 1 must say a few words to the student. % | 
ding. Some of the ‘good’ learning habits are mentioned below : | 


1. Mathematics is best learnt by doing only. Do псі just red your textbook. 


You 
should always have a pencil and paper with you and *work througii the text. 


4. At places where you come across ‘Why ?' in the text, you should strive to discover the 
answer. 


3. Never spend 100 much time оп 


( vii ) 


a particular problem. It is always better to go on 10 the 


next and revert to the one that is giving trouble a lütle later, with a fresh mind 


4. The human brain is capable of storing only a limited amount of information. What is 
. not used frequently is eliminated from the storage. You will do well, therefore, to 

o summaries of basic results in every unit and frequerily review them 3 

s, itis possible that some unintentional errors might have 


ledge with much gratitude when any of these are 
its users for improvement in the 


mak 


Despite our best effort: 


The Council will асКпоу/ 
willalso welcome the suggestions of 


f this book. 


eluded us. 
pointed out and 
future editions 0 


New Delhi MANMOHAN SINGH ARORA 
October 1978 | Editor 
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UNIT XXIV 


DERIVATIVES AND GRAPHS 


In this unit, we use our understanding of the geometrical interpretation 
of the derivative to draw graphs of functions. We also introduce the notion 
of continuity of a function. 


241 Introduction 


So far we have drawn graphs of functions by plotting some points and joining 
thein by free hand curves. We recall, for instance, how we draw the graph of y—x?. We 
construct a table of values of x and y, usually taking enough pairs of values so that when 
we plot them, we get a ‘rough’ idea of what the graph looks like. We then join these 
points by a free hand curve. But what gives us the righi to join these points by a free hand 
curve ? How do we know that the graph, for instance, does not undulate (have waves) between 
two consecutive points as shown in Fig. 24.1? 


Fig. 24.1: Can this be the graph of у=%° ? 


4» 
B 
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The answer to tnese questions is that so far we do not really have any justification 
for joining the points by a free hand curve and that we do not really know whether or not 
the graph undulates between two consecutive points. It is for this reason that we take 
close enough points and hope not to commit any serious errors. 


We зүй! now sce how the geometrical meaning of derivative can be used to draw 
better graphs. 


Before, however, we do so, let us use our knowledge of Calculus (in particular, 
the derivative) to see why graph of y—3? cannot really undulate (have waves). Let us 
magnify the graph огу--х in a neighbourhood of a point, say, (=. 2) (See Fig. 24.2) 
Since y—3? has a derivative (and hence a tangent) for every value of x, there must be a 
tangent at the point P as shown in the figure. 


Fig. 24.2 


Let us examine ihe ta at P. i л 1 i 
| us examine ihe tangent at Р It is obvious _from the figure that it has а posi- 
tive slope. But Calculus tells us something different, 


We know that the slope of the 
* Ү т Y eui т БЫШЫР Лы с a заста 
tangent at a point P is the derivative at th 


e point P. Now, the point P has a negative 
abscissa and. thus. the derivative 2x at point P is negative. We, therefore, have a tangeni 
at P with a negative slope, which contradicts the situation in Fig. 24.2. 


This is why the graph of yx? cannot have waves between two consecutive 
points. 


ts, 
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We will now Jearn how to use this knowledge of Calculus systematically in appli- 
cations to graphing. 
24.2 Increasing and Decreasing Functions 


Let us consider the function f (x)=2x-+3. We recall that its graph is a line. (See 
Fig. 24.3) 


Let us take any two values of x and let us call the smaller one x; and the larger 
опе Хү. We observe* from the graph that f(x1)< f (xz). 


Fig. 24.3 


There are many other functions which have this property, namely that, if X1< Xe 
then f (3) «f (х). In other words, the function values increase as x increases. 


э This can, in fact, be proved. 
Since x, €x, it follows that2x, -2x and hence 2x1 + 3<2x, +3 which means that f (эз) < f (x). 


рү”, | 
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We say, 


A function is increasing* if f(x1) < f(x») whenever x; <хг (obviously for all ху and хо 


in the domain of f). 


If, however, the function values decrease ах x increases, 


we have what we calla ' 
decreasing function. 


We say, 


A function is decreasing** if f (х1):-1 (xa) whenever xı «xs (obviously for ali ху aud 


a 
хә in the domain of f). 


{The reader is advised to write a function which is decreasing and sketch its 


graph. Then prove analytically for this function that f (1) f (x. 


з) whenever Хї«Сх, | 
We consider some examples ; 


Example 1; Prove that f (x) «x? for x=0 is an increasing function. 


Solution : 


We note that the domain of f consists of non-negative real numbers. 
Therefore, x and x, 


that we consider, must also be non-negative, i.e., let 


0€ x «x, 
Since, ху «x, and x120, it follows that 


ALIY (1) 
Again, x1<x, and Х,»0, it tollows that 


ХїХүс хи 9 


From (1) and (2), we have 


* 4: 
XXIX, <x," 
i.e., 


xx 
which means that 
f (t0< f(x) 

Hence, f is increasing. 


КИШКЕНЕ M эцсээ MM Un da 


* Some authors call such a function strictly increasing. M Enc. cu M ылара сы 


99 Some authors call such a function strictly decreasing. 
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Fig. 24.4 : Graph of f (x)=x?, «20 


Example 2: Prove that g(x) —X? for х<0 is a decreasing function. 
Solution : Let us take Ху and х, in the domain of f, i.e., let 
хі<х,6<0 
Since, x « xs and х1 «0, it follows that 
1 xX >X1Xg 
Again, x «x, and x,<0, it follows that 
BC.EKK.Y. West baias | | 
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×× وح‎ (2) 
From (1) and (2), we have 
x >x X >X? 
ie., x< 
which means that 
80> g(x) 
Hence, g is decreasing. 
э 
$ 
7 


Fig. 24.5: Graph of £()—3*, x< 
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Example 3: Prove that (x)=x? for all real x is neither increasing nor decrea- 


sing. 
Solution: Letustake two values of x, suy, Хүс---2 and 3,3. We have 


#(x1)=4 and d(x;)—9. We see that xy cx, and d(xy)<d(xs). We are. therefore, tempted 
to say that ¢ is increasing. But is the above true for all м<? 


Let xy=--4 and xe—l. Then 4(xj)—16 and d(vs)—!. Here is, therefore, a 
: , ! 
pair of values of x, and Ха for which xix» but ${x;) is no longer less than (хо). 


We, thus, conclude that d is not increasing. 


Fig. 24.6; Graph of d (x) ==х° for all re: 


ised to show similarly that ¢ is not decreasing.] 


[The reader is adv 
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We {йиз see that ф(х) = x^ for all real x is neither increasing nor decreasing. (See 
e 
Fig. 24.6) 


However, if we consider only non-negative values of x (where 4 coincides with f), 
we find that ф is increasing. Similarly, ¢ is decreasing for x«0. 


Sets* of the type x >a, xa are called closed intervals. 


ais called an end point 
of these intervals. 


We recall from our study of elementary trigonometry that sin x increases for 
Q8 т 
values of x between 0 and 75 and decreases for x between and л. Sets of the type 
U x <3 ana T S*&x are also called closed intervals. 
We now make a definition. 


Definition 1: Leta and b be real numbe; 
хра, xa and ас̧х<Ь are called closed intervals. а and b are called their end-points, 
The corresponding sets x>a, x<a and a<x<b (not including the end-points) are called 
open intervals, We will denote an interval by J, We «ill consider the real line also to 
be an interval. 


TS such that a<b. Sets of the type 


Can you recall other intervals of x ove 


T Which sin x increases or decreases ? Let 
us see how we can answer such questions bye 


xamining derivatives of functions, 
however. we do so, we make the following definitions Н 

Definition 2: A function f 
Х1< X», we have f(x) « (х). 


Definition 3: A function f(x) is decreasing in J if for all х1 and xz in J such that 
Xi Xo, we have f(x:)- f(x»). 


Before, 


(x) is increasing in J if for ай X; and x» in J such that 


over which a given function is increasing or decreasing, 
EXERCISE 24.1 


L Show that g(x)—3x4-1 is increasing for all г 


2. Draw a graph of a function f (x)—3——2x. Is it increasing or decreasing or 
neither? Prove your assertion. . 


ee E 
° we were careful, we would use the set notation properly and write íxix 2 a}or {x | xa), 


eal values of x, 


Ce 
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3. Prove that f(x)=ax-+-b, where a and b are constants and а2>0, is an increasing 
function of x for all real values of x. 
Show that ¢ (x)—2* for all real values of x is neither increasing nor decreasing. 
95. Prove that g(x)—sin x is increasing in 0& x« LE 

24.3 Derivatives and Slopes 

We recall that the derivative at a point P of s curve isthe slope of the tangent to 
the curve at the point P. Of course, the tangent to a curve at Р is the limiting line of the 
secants РО as Q moves towards P along the curve. Weare, therefore, tempted to say that 


for an increasing function, the slope of the tangent (assuming that there is a tangent, of 
course!) must be positive. But our intuition fails us here. Consider the graph of 


Jf (х)==х°®, for instance. (See Fig. 24.7) Н is an increasing functior. 
However, at the origin, e 
Ч =3х% = 
ү? Lo 3x о 0 T 
In other words, the slope of the tangent at the origin is not positive—it is zero. 


f 


Fig 24.7: The tangent at (0,0) tof (к)=х* coincides with the saxis 
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However, we have the following situation : 


If a function is increasing, then Secants PQ for all positions of the points О on 
the curve have positive slope. The limiting line of these Secants has positive Slope 
[See Fig. 24.8 (i)] or zero slope. [See Fig. 24.8 (i)]. Thus for increasing functions, slope of 


the tangent and hence, 


the question js <“ , 3 А 
constant function over some interval, Ü derivative 34 igre for Instance, a 
increasing.) However, commonsense tells us, a5 it did to Sir аас N е function is not 
A.D.), to say that a function js increasing when itg rate of change а (1642—1727 
and decreasing when its rate of change is negative. We state а. н, is positive 
begin with, we consider only those Junctions f which are aa tas follows, To 
have derivative everywhere. everywhere and 
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Theorem 12: If f'{x)>0 for all x in J, then f(x) is increasing in J. 
Theorem 13: If f'(x)<0 for'all x in J, then f(x) is decreasing in J. 


We will not attempt a formal, proof of these theorems here. Their proofs make 
use of an important theorem called The Mean Value Theorem (of Differential Calculus). 
The famous French mathematician, Joseph Louis Lagrange (1736—1813 A.D.), who was 
responsible for a systematic development of mechanics using the methods of Calculus, 
provided a rigorous proof of The Mean Value Theorem. Some authors, therefore, refer 
to this theorem as Lagrange's Mean Value Theorem. It tells us that for the kind of 
functions we will mostly be dealing with, every ѕасап PQ through any point P has at least 


Fig. 24.9 


one tangent parallel to it. (See Figs. 24.9 and 24.10). The tangent avill, of course, be at some 


(intermediate) point between P and Q. 
This is intuitively quite clear. If we move the secant PQ to the left (or right) 
ekeeping it parallel to itself, there will be a situation (between positions where it cuts the 
curve in two points and where it does not meet the curve any more) where it will become 
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a tangent to the curve, In Fig. 249, this Occurs at the Point C. What about in Fig. 
24.10 ? 


їп terms of slopes, 
of some tangent, i.c., 


where xı and ха are the abse 
C such that 5552-2723 


Remark: We see that, in the conclusion of The M 
dea ean 
not need tne derivatives at the end-points. All we need uai Theorera, we do 
intermediate point(s). Vative(s) at some 
It is now easy to Prove Theorem 12, If f' (c). 
both simul'aneously be positive ог negative. This mea 


7 бас f (xg) or if x1, then f(x) f Cx). But this is precise] : 
an increasing function and this proves Theorem 12, PERO. what we mea 


[The reader is advised to provide a Similar heuristic Proof to Theorem 13 1 
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We now have a test for determining intervals over which а given function is 
increasing or decreasing. We state this test in the form of a theorem which we shall not 
bother to prove. As already remarked, we consider only those functions f (x) which have 
derivatives everywhere. 

Theorem 14: (i) If f'(x)>0 for all x in some open interval, then f(x) is increasing 
in the corresponding closed interval (including end-points). 

(ii) If f'(7) «0 for all x in some open interval, then f(x) is decreasing 
in the corresponding closed interval (including end-points). 

We now consider some examples. 

Example 1: Find intervals in which 

f (x) =х2—2х 
is increasing or decreasing. 
Solution: We are given that 
Л(х)--х--2х 
Thus, 7 (х)-а2х--2 
Now f'(x)>0 when 2x—2>0 ie; when x>1. Thus the function f (х):=х2—2х 5 


increasing in the interval x21. 


Similarly, we can show that f (x)=x*—2x is decreasing for x«l. 


Example 2: Find intervals in which 

f G9) 2x14 x1—20x 

is increasing. 
Solution : Since f (x) -2x* -x* —20x, 
J (x) =6x?+2x—20 

We need to determine for what values of x, f’(x)>0 
Now, f'(x)=2(3x"+-x —10)=2(3x—5) (х--2) 
Thus, f’(x)>0 if (3x—5) and (x4-2) are both simultaneousy positive or negative. 
Now, when are (3x—5) and (x4-2) both simultaneously positive ? "They will both 


5 TES 
be simultaneously positive when x > 7 and х>—2 ie x> 3" 
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And, when are (3x—5) and (х--2) both simultaneously negative? When хэ 


alo 


and x<—2i.e., x< —2. 


2 5 
Thus, f (x) is increasing inx<—2 and in x> Y 


> 
EXERCISE 24.2 
> 
Show that the following functions are increasing in the indicated intervals : 
1. у(х) =х2—8х, x24 
2. /(5)-6--9х-3х3, x< 3 
3. f (x)=x°—27x, x€ —3 or x3 
*4. f (x)=x7+8x541 for all values of x 
[Hint: Prove that f is increasing in x>0 and also in x«0] 
1 
5. f (x)= Ix” *<0 
Determine for which values of x the following functions are increasing and for 
which values they are decreasing : 
6. /(х)-х Q 
97, у (х)=х84 6х2 
8. 7 (x) 6x3—2x-L1 “2 


9. /(х)=2х%—24х--107 
10. f (x)=x4~4x 


п, f LL 


24.4 Derivatives and Graphs 


We can now use the knowledge 


of derivatives io draw 
some examples, 


graphs. We consider 
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Example 1: Draw а graph of 
f (x) =x? -2x 


Solution: We have seen in Example 1, Section 24.3 thar f (x) is increasing in 
the interval x>1 and decreasing in the interval x<1. 


Now, the pertinent questions are how far does f(x) increase and how far does 
f(x) decrease? In other words, does f(x) go on increasing or does it stop somewhere 
Similarly, does f (x) go on decreasing or does it stop somewhere? Let us see. 


We write f (x) as f (х)=х(х—2) 

It is clear that for x3, х—2>1 and since x is positve, x(x—2)2 X. Thus f (x) 
becomeslarger and larger as x moves further away from the origin through positive 
values. (In fact, f(x) always stays larger than x for x23) We say f(x)—oo as x> oo 
and read “f (x) approaches injinity аз х approaches infinity". This means that, for x73, 
the graph of f (x) extends upward without any bound. 


How about for negative x's ? We see that if x<0, 2—x2 1 and since x is nega- 
tive, —x(2--x)>—x. Thus f(x) becomes larger and larger as X moves further away 
from the origin through negative values. We say f(x)-»oo as x-»— 00 and read “/ (x) 
approaches infinity as x approaches negative infinity." "This means that, for x<0, the 
graph of /(x) extends upward without any bound. Note that f(x) is decreasing in 


х<1. 


Finally since f” (х)=0 at x—1, we have a horizontal tangent at x— 1. 


We construct a table of values of x and y. 


r which xzl by asteadily rising curve and the points for 


We join the points fo 
Recall that at the point where х==1, we will have 


which x« by a steadily falling curve. 
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0-1) 


Fig. 24.11: Graph off (x)=x1—2x 


a horizontal tangent. We have a graph of f (x)=x°—2x as shown in Fig. 24.11. 

Example 2: Draw a graph of 

7(ю)-э8-3х 

Solution: Since/ (х) =х°—3х, 
we have f’ (x)=3x3—3=3(x2—1) 

For what values of x isf'(x)20? It is obvious thatf'(x)>0 ifx2>1 ie, if 
x>l or x<—1. 

And that f(x) «9 if X1 ïe if | x | «1. 


Thus for values of x such that —1€x«l, the graph of f(x) is decreasing. And 
forx2las well asfor хєл, the graph of f(x) is increasing. 


x 
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But how far does f(x) increase ? Let us sce. 
We rewrite f(x) as f(x) —x(x3—3) 
Е It is clear that for x>2, x2—3>1 and since х is positive, x(x2—3)x. Thus 
(х) оо as х->оо. This means, that the graph of f(x). for x> 2. extends upward without 
any bound. 
Also for x<—2, x2—3>1 and since x is negative, x(x? 3)— х, Thus fix) becomes 
smaller and smaller (i.c. negative and farther and farther away from zero) as Vv moves 
* farther away from the origin through negative values. We write fixi -o asx > o% and 
read f(x) approaches negative infinity as х approaches negative infinity." 
The graph of f(x), therefore, for x< -2, extends downward without any bound. 


Finally, since Г(х)--0 at the points X—1 and x——l, we have horizontal tangents 
at these points. 


We construct a table of values of x and y and plot a graph of f in two stages. 


() 


Graph of /(х)=х?—3х for x? 1 and for x&-—i 


Graph off, 


Fig. 24.12 
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The values of x for which the curve is rising and the resulting values of y are ) 
plotted in Fig. 24.12 (i). The values of x for which the curve is falling and the resulting " 
values of y are plotted in Fig. 24.12 (ii). "1 

Finally, we show the two stages together and a graph of f(x)—x?—3x is shown in 
Fig. 24.13. 


f(x) 2x3— Зх 


Fig. 24.13: Graph of /(х)=хї—3х 


EXERCISE 24.3 
Sketch a graph of each of the following functions : 
] y=x* 
2. у=х%—х 
3. yoxtxi1 
4. у=х2—1 
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5. у=(х—1)? 
6. у=2х3+12х—9х2 
7. у=х+х 

98, y=x(x—1)(x—2) 
9, у=х*—2х° 


1 
*10. Усгүй 
245 Continuity 


In drawing graphs in Section 24.4, we never used ‘broken’ curves of the type 
shown, for instance, in Fig. 24.14. We will explain the reason in this section. 


Y 


—— — вэ — =з = чә — — єз өв — — = 


Fig. 24.14: Graph of y=f(x) 


The graph of y=f(x) in Fig. 24.14 has a ‘jump’ ofa certain height, say К, at the 
at if we were moving along the graph from left to right, there is a 


point Хо in the sense th i 
oving from one side of хо to 115 other 


break at хо and we would ħave 10 lift the pencil in m 
side. 
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In other words, if we approach Хо from the К.Н.5. (e., through positive values 
of Ax), then f(xo+ Ax) approaches /(хо). We write this as 


Lim До Ах) =): 
Ах-»0-- 
апа call it the right-hand limit of f(x) at xo. 
However, if we approach хо from the L.H.S. (ie., through negative values of 
Ax), then /(хо + Ax) approaches f(xo)—K. We write this as 
Lim До Дх) = (хо) —K 
Ax-0— 
and сай it the left-hand limit of f(x) at хо. 


We see that the right-hand limit (ie., limit through positive values of Ax) is not 
equal to the left-hand limit (i.e., limit through negative values of Ax) at the point Xo. It 
should be noted that this is the case only at the point xo. For every other point in the 


domain of the function, the right-hand limit equals the left-hand limit and equals the 
value of the limit. 


This motivates the following definitions : 


Definition 4 : A function f is said to be continuous at the point хо if 
Lim /(xo+ Ах)=/(ху) 
ДАх->0 
Otherwise, the function is said to be discontinuous at the point хо. 
Definition 5 : If 
Lim f(xo-- Ax)—f(xo), 
Ax>0+ 
we say that the function is continuous from the right (or right-continuous) 


at the point xo. 
If 


Lim хо Ax)—f(xo), 
Ax-0— 


we say that the function is continuous from the left (or left-continuous) at the point хо. 


Itisclear that for a function to be continuous ata point Xo, it must be right- 
continuous as well as left-continuous at the point хо. Also, if a function is defined in a 
closed interval, then we can only talk about one sided continuity at an end-point and that 
will be taken to mean the continuity at an end-point. 
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It is instructive to note that Lagranges Mean Value Theorem as well as Theorem 
14 are valid for functions f which are defined and continuous on a closed interval J and 
have a derivative at each point in the corresponding open interval. 

The graph of y=f(x) in the Fig.24.14 is right-continuous but not left-continuous. 
Can you give the reasons, why ? 


It is clear that the functions that we graphed in Section 24.4 are continuous (i.e., 
.continuous at every point of the domain), and this is why their graphs have no breaks or 


jumps. 
We give some examples of discontinuous functions and draw their graphs. 


Example 1: Draw a graph of 


2 for x «0 
SOV= lx for x20 


Prove that the function is discontinuous at the origin. 
Solution: The graph of f(x) is rather easy to draw. It is shown in Fig. 24.15. 


Obviously, the graph has a jump at the point хо=0. Let us examine the right-hand 
and the left-hand limit at x=0. We have, for Ax>0, f(0+ Ax)— Ax. 


Fig. 24.15: Graph of f(x)=2, x «0; f(x)—x, x20 
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Thus, Lim f(0+Ax)=0 
Ax-04- 
And бог Ax<0, /(04-Ах)-2 
Thus, Lim f0+Ax)=2 


Ах--0-- 
We see, therefore, that 
Lim f(0cFAx)z Lim f(0+Ax) 
Ах--0-- ДАх--0- 


Thus f(x) is discontinuous at x—0. 

[The reader is advised to show that f(x) is right continuous at x—0.] 

Example 2: The postage-function for letters, within India, is given below (as 
on 2/09/78). If P(x) is the postage, in paise, of a letter whose weight, in grams, is x, then 


25, 0«x« 10 
Р(5)-- 4 40, 10<x<20 
55, 20 x«;30 
Draw its graph. 


Selution: Since x cannot take zero or negative values, itis clear that P(x) is 
not defined for x&0. The graph of P(x) is given in Fig.24.16. 


PAISE 


] 


20 


GRAMS X 


Fig. 24.16. raph of the postage-funetion 


— 
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[The reader is advised to show that P(x) is left continuous at the points = 
20 апа 30.] 


It is not our intention to go deeply into continuous and discontinuous functions 
and types of discontinuities. ,We will rely heavily on our intuition and observation to 
decide when a function is continuous and when not. 

24.6 Continuity and Differentiability 


We now examine the relationship between the existence of the derivative at a 
point and continuity at that point. We have the following important theorem which 


tells us that 
Theorem 15: If @ function has a derivative ata point, it is continuous at that 
point. 
The proof of this theorem is rather simple. Since the function has a derivative at 
a point, say Хо, 
Lim хо Лх) f e 
Ax—>0 шил налгар =f" (xo! (1) 
We wish to show that the function is then continuous at Хо; i.&., 
Lim f(Xo+Ax)=f(o) 
Ax 
or, Lim  [f(xo-- Ax)—f(x9)]—0 0) 
Дх-»0 
How shall we proceed? We recall that we have done a similar exercise ın the 
proof of Theorem 6 in Section 21.2. 
We rewrite L.H.S. of (2) as 
Lim foot А) Й) Ax 
Ax 


ieee ,س‎ 


Ах+0 2 
Lim fetan. Lim A* | 
= Ax fe AX L. Ax>0 (Why?) 
zf'(x)- 0-9 
This proves the result. 


Thus every differentiable* function is continuous. In particular, polynomial fun 


tlons are continuous at every point. ا‎ ышы, 


Ў °А function is differentiable if it has a derivative at every point of its domain. 
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Li: us now examine the converse of this theorem. 


differentiable ? The answer to this question is ‘No’ ! 
function f(x)— | x |. Its graph is shown in Fig. 24.17. 


It is easy to see that f(x) is continuous at the origin. 


Let us see. 


Is every continuous function 
Let us consider the absolute value 


Is it differentiable at хо=0? 


Fig. 24.17: Graph of Д(х)= Ix] 


We need to evaluate, if possible, 


Lim [At AX)—f(xg) 
Axo Бин жинд 


where xo—0 and 


лэ» f x, x>0 
x<0 


alues, Then f(xo4- Ах):= Ax 


LX, 


Let Ax>0 through positive M 
Hence, Cot Ах) fao) 
Ax 


SAXTON 


Ax 
Lim f(x» +} Ax)—f 
Thus, Ax 0p ed EE 


Now let Ax>0 through Negative values. 
Sot A=—Ax 


Then 


EN 
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a Дхо+Ах—/(х) --Ах-0 
Непсг, AX RM ILU 


wc 


Lim /{х+Ах)—Д{х) _ 
ГЕ туск? 


Thus, A x>0 —1 


These limits are called, respectively, the right-hand derivative and left-hand 
derivative of the function f(x) at хо. We have 
Right-hand Derivative at the point xo— f '(xg-4-) 


Lim | До Дх) 
23) 2 fixo) 
Left-harid Derivative at the point xo—/'(xo—) 


Lim Д(хҗу+Дх)— 
= Ax>0— 0 AS fixo) 


Since f'(xo--)z-f'(Xo—), at хо=0, the function | X | is not differentiable at the 
origin. 

[That the function is not differentiable at the origin is also obvious geometrically. 
We recall from Section 20.2 that secants PQ mustapproach the tangent at P for positions 
of Q on both sides of P on the curve (assuming, of course that P is not an end-point). 
In our example, the secants PQ; for. positions of Qı on f(x)—x, x20 approach the line 
yox; while the secants РО» for positions of Оз on Лх) = —x, x<0 approach the line 
y=—x. The secants, therefore, do not approach a common line as Q approaches P along 
the curve.] 


Differentiability of a function at a peint in an open interval, therefore, requires 
that both the right-hand and left-hand derivatives are equal at that point. Geometrically, 
it ensures that the graph of the function is smooth at that point. The inequality of the 
right-hand and left-hand derivatives at a point geometrically means that the curve has с 
corner at that point. Ifthe function is defined ona clesed interval, then we can only talk 
about one-sided derivatives at an end-point and that will be taken to mean the derivative at 


an end point. 
We consider an example. 
Example 1: Show that the function f given by 
х-1, x<2 
| 2x—3, x22 
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is continuous at every point. Draw a graph of the function. 
Solution: For x<2. 
jfe9-x—1 
Thus, f =1 
Since the function is differentiable for x<2, it is continuous for x<2. Let us 
leave the point x—2 out of our discussion for a moment. For x>2, the function is also 


differentiable and hence continuous. So we have continuity for every pointof the 
domain, except for x—2, for which we are not sure yet. s 


We must examine the right-continuity and left-continuity of the function at x—2. 
Let us do so. 


Let Ax be positive. 


Then, f(2+ Лх) =2(2+ Ax) -C3—2 A x -1 


Thus, Lim f(24-Ax)—1—1(2) 
Ax>0+ 


Now let Ax be negative. 
We have, f(2-- Ax)—-2-- Ax—1-—14- Ax 


Thus Lim f2+Ax)=1={(2) 
Ax0— 


We see, therefore, that 


Lim (2+A*)=fQ= Lim f2+Ax) 
Ax-»04- Ах-д- 
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Thus f is continuous at х=2. This proves the result. 


[The reader is advised to prove that f is not differentiable at x=2.] 
Graph of f (x) is shown in Fig. 24.18. 


Fig. 24.18 : Graph ot f()e xl, x«2 5 2x—3, x22 


EXERCISE 24.4 


For each of the following functions, find the point(s) of discontinuity, if any, 


and draw a graph 
(—1, x«0 
1. fee 41, x0 


2. fog 15—11 
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*3. fo) Ix | + | ×-1| 


Show that each of the following functions is continuous at the point(s) 
indicated. 


4. Д)=х2—7х+3 ; x=1, 3 


5. f(x)=:x104— + ;х=5 


6. Prove that x +v x is not continuous at the origin. 


“7. Prove that f(x)» | x | is continuous at the origin. 


8. Prove that the function 


—2, x<0 
f= ү х< 


х+1,х>0 
is not continuous at х=0. Sketch а graph of the function. 


9. Show that the function 


x«0‏ ,سر 


f= x2, x>0 


is continuous at x—0. Sketch a graph of tue function. Is it differentiable 
at x=0? 


19. Find the right-hand derivative and the left-hand derivative of 
x—1, x<2 


Хеш 123 ^ x22 


at the point x=2, Hence show that f is not differentiable at x—2. 


d x40 | 
f= x 9.77 
3, х=0 | 


continuous at х=0? Give reasons for your answer. 


11. Is the function 


» 


*13. Дх)- 
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*12. Iff and g are both continuous at x-xo, show that the function А defined by 


h(x)-f(x)--g(x) is also continuous at x—x. What about the function ¢ 
defined by ¢ (x)—f(x) g(x) ? 


3x?—2x?—1 


xz ‚ x1. What value should be assigned to f(1) so that 


f(x) is continuous at х=1? 


24.7 Key Concepts 


———————_ 


Increasing function Right continuous and left continuous 
Decreasing function Right-hand and left-hand limits 
Intervals—end-points Discontinuity at a point 

Lagrange's Mean Value Theorem _ Differentiability 

Continuity Right-hand and left-hand derivatives 


|... ante зла а Б шше Бшш аы 


24.8 Suggestions For Further Reading 


18.7. 


An excellent discussion of using Calculus to draw graphs is found in [2], Sectior 


The reader is also referred to [1], Section 18.7 and [1], Section 21.9. 


A good intuitive discussion, supplemented by rigour in appendices is found in 


[1] Lipman Bers : Calculus, Volume Т. 


IBH Publishing Company, Bombay (India). 1973. 


UNIT XXV 


DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


We learn how to find derivatives of trigonometric functions, 


We also study 
how to graph the functions sin x and cos х. 


15.1 Introduction 


So far we have learnt how to differentiate polynomials, their quotients and a few 
other types of functions. We now learn how to find derivatives of trigonometric func- 
tions. However, before we do so, we need a couple of basic results. 


25.2 Two Basic Results 


We will require the following two results in finding the derivatives of trigonometric 
functions : 


(i) Lim (sin t)=0 
ї-»0 


Lim 
(ii) 1-0 mt |+ 


Both these results make use оГ a result which we have often used before without 
formally saying so. We now state this result formally. 


Theorem 16: . If f, g and В are functions such that 
f(x) &g(x) «h(x) 


а 


DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 173 


for all x (except possibly at xo) and if 
Lim f(xo-FAx)— Lim  h(xo--Ax)-! (say), 
Ax>0 Ах->@ 
then, й d 
i Lim g(xo+Ax)=I 
Ах->0 
Roughly speaking, the theorem tells us that if a function can he “sandwiched” 
between two other functions, each of which approaches the same limit 1, say, as x approa- 
ches xo, then the sandwiched function also approaches the same limit 1 as x approaches хо. 
For obvious reasons, we сай? it the “Sandwich Theorem". 


We now prove result (i) below : 
Theorem 17: If ¢ is measured in radians, then 


Lim (sin )=0 
-д0 
Proof: Letus considera unit circle C with its centre at the origin. Let A be 
the point (1, 0) on the circle and let P be a point on the circle such that / AOP, measured 


{п radians, is between — and = (See Fig. 25.1) 


Fig. 25.1 


*Some authors сай it the “Pinching Theorem", Similar theorems can also be stated for right— 
hand and left-hand limits- 


— 
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If M is the foot of the perpendicular from P to the x-axis, then we recall that 
IMP | = |sint | 


х 
We also recall that the length of the arc AP is үх |. It is clear from Fig. 25.1 
that 
= 
| МР | < | AP | 
Thus, 0< | sint| < || 
Hence, = || <sint<|t| 


Now as 1>0. so does | (|. Thus, by the Sandwich Theorem, 


Lim sin t=0 
10 
This proves the desired result. 


It follows rather easily from this theorem that 


Corollary* 1: If ‘a’ is а real number such that а20, then 
Lim (sin at) —0 
t0 


[Hint : Ifaz and if (0, then at-»0 and conversely, if at-»0, then /--0. By 
letting, at=u in Theorem 17, we have 
Lim (sin at)— 


Lim (sin at)== Lim (sin u)—0] 
I0 


а-»0 и-»0 


We now have another important result as a consequence of Theorem 17. 
Corollary 2: Lim (cos t) =1 
t+0 


d P ta hs 
Since cos t=1—2 sin? —, i 


7 t follows that 


saat 
Lim (cos (= Lim 1—2 224 
t0 


t0 


*Since =i radians, Corollary 1 also indicates that 


Lim sin s°=0 
8-0 
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Lime ieee t 
-1—2 0 ү +] 


-1-1 ын (8444 


=1—2(0)8=1 
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This proves the result 
Finally, we have a result based on Corollary 2. 


Corollary 3 : Ifa’ ıs a real number such that az. nen 
Lim (cos at) i 
t0 

Remark ; We note that we have proved 


Lim (sin 1)=0=sin (0) 
1-0 


and Lim ‘cos = 1 =соѕ (0) 
120 


This, of course, means that the ‘sine’ and ‘cosine’ are continuous at zero, We 
will see later that sin f and cos t are continuous for other values of аз well. (See also 


Question 6, Exercise 24.4) 


Next, we prove result (9) 


Theorem 18: Ift ia measured in radians. :hen 


Lim sat ү 
(90 : 


i sin f 
As t approaches gero, it is clear hat sin f approaches zero. That кон approa 
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ches 1 as г approaches Zero is suggested by 
has been used.) 


the following table : (An electronic calculator 


t 


2 


0.909297427 0.4546487135 
0.841470984 0.841470984 , 
0.479425538 0.958851076 
0.389418341 0.9735458525 
0.295520205 0.98506735 
0.19866933 0.99334665 
0.0998334156 0.998334156 
0.089878549 0.9986505444 
0.049979 1692 0.999583384 
0.039989329 0.9997333225 
0.0299954992 0.9998499733 
0.019998 6665 0.999933325 
0.0099998324 0.99998324 
0.0049999789 0.99999578 
0.0009999988 0.9999988 


in t 5 
What about M for negative values of t? We recall that if 170, sin (—t)= —sin t. 


in (—t) sint 
Thus So T » and we do not really need to construct another table for negative 


values of f. 
Now, from the table, we guess that -9n t Е approaches 1 яз t approaches zero, We 
d t 


€ formula for the 
ёз an angle of t 


prove that it is indeed so. For the proof that we give, we will need th 
area of a sector of a circle. We recall that area of a sector, which mak 
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radians at the centre is 


ши i ET 
200912 
where r is the radius of the circle, 
р Let us now consider a unit circle C with its centre at the origin. Let A be the 
Ф point (1, 0) on the circle and let Р be а point on the circle such that Z AOP is ¢ radians 


86 Ү 
В 


Fig. 25.2 
( 0«t«- ) 5 ['Since, we have to let ! approach zero, it is reasonable to assume that f 
E 5 
is between 0 and. 
a We draw PM | ОА. At A, we draw a tangent to the circle to meet OP produced 


atQ. Then QA.LOA. (Why ?) (See Fig. 25.2). 


It is clear from Fig. 25.2 that the area of the sector ОАР lies between the area of 
the right triangles OMP and ОАО. We have 
1 ООЗЕ ? 
=z OMxMP«—-« = ОАХАО (1) 
But OA=OP=1, OM=cos t, PM=sin t and AQ—tan t. 
Thus (1) becomes 
1 


1 : 1 
2-5 -5-1-2 — tant 
2 COs IX sin £— IF 
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3 1 1 2 2) 
ie, cos I< ane = cosi (Why ?) ( 
But we need T (224 ) We, therefore, rewrite (2) as, 


for 0«1-2 au 


1 sin t 
= >-— > cost 
cost 277 
: 5 » 
‚ ke., for 0=1<— 
sin t 1 
cos 1 —— 
oF ж 1 cost 8) 


їп (— int 
We recall that чие an 


5 z and cos (—t)=cos r, Thus, it is clear that 


for — 2: «t «O0 also, we have 


‘os аш : 
со РТ eos (4) 
Now Lim (cos 0=]. Thus. Lim 1 р 
1-»0 10 ( aan :)= (Why ?) 


By Sandwich Theorem, therefore, we have that if t is measured in radians, then 
Lim / sint m 
1-0 t UM 


We consider some examples. 


Example 1: Show that ge 


1-0 EC ==а 
Solution : Let a= Setting atau. we bave f t». 40-0, and if at+0, 
1-0, 
Lim sinat Lim sin at Lim sinu 
Thus, „у Wine LEO T E P 
a 
Lim эши 


7 ши 


и--0 oq 


Еу 


1 
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Nowleta-0. Then sin at is zero for ай non-zero f, and hence ck zero for 
г E: 


all non-zero t. Thus 


Lim sin at 20 
-»-0 үлээн 


We have thus shown that 


Lim sinat 
=а 


t>0 t 
Let us now find 

Lim sin s^ 

s>0 ئ‎ 


EE 
We recall that 5 186 radians 


sin—— 


Lim sins? іт 180 л 
Thus 5-0 s ^ s—0 s ^ 180 
Lim tant 


Example 2: Show that ;, (у NES =] 


RET ..Lim tan: Em sin! 
Solution: We have 5,07 = t0 Tcos t 


_f Lim sint Lim (1 
=| t>0 ¢ t>0 cost 


=! 


Lim 1—cos: 
Example 3: Prove that SEU ILE. 


TOR 
Solution ; We recall that 1—cos х=2 sin? ЭГ 


7 2 sin? Š 
Lim 1—cosx Lim 2 
Thus, 220 c 0 x 


180 
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X 


= ш 50| 2 | ш G 
( 


SEE 
тоз 


Е =] 521. 
E x>0 ZX 
sin ( Xx ) 
Lim 225 Lim 
But SE =1 and x0 *70 
225 
ты, (1508-0355 looo у 


i Lim 1—cos2x 2 
Example 4: Show that X0 Stanly = 3 


Solution: We recall that 1— cos 2x 


i — cos 2 2 
Thus Lim 1—cos 2х_ Lim 2 sin? x 


=2 sin?x 


X0 3 tan?x = x03 tan? x 


Lim i 2 
= 5501 5 cos? x 


EXERCISE 
Evaluate the following limits : 


Lim sin 3x 
1. x>0 x 


25.1 


| 
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sin = 
2 Lim 4 
^o x0 2x 


3 Lim | x 
` x0 tan x 

4 Lim sin x? 
" x0 x 


Lim f 2 sin x 
5. E 2 sin +5) 


6 Lim sin (24-x)—sin (2—х) 
bey 39 > : 


7 Lim sin 4t 
° tU Sin 2t 


8 Lim tan 5x: 

- x>0 tan 7x. 

9 Lim 1—с05 6t 
۰ +0 1 


Lim 1—cos 2f 
10. 10—021 - 


1 t 
11. Lim cos 


LI Ifi Ts then t— Z- >0. Also, cos ¢=sin (3- )] 


Lim cot t 
т R 
f 2 7 = 


12. 


үй жє уо? 1 
013, Prove that у] snio- D] = 
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25.3 Derivatives of sin x and cos x 


We are now equipped to find the’ derivatives of sin x and cos x. We will use the 
delta method to find the derivative of sin x. We let 
f(x)-sin x (1) 
Thus, f(x+ Ax)=sin (x+ Ax) 
ie, К+ Ax)=sin x cos Ax+cos x sin Ax (2) 
Subtracting (1) from (2) and dividing both sides by Ax, we have 


Jr Ax-—f(x) зіп х(соѕ Ax—1)--cos x sin Ax 
Ax БЭ Ах (3) 


Taking limits of both sides in (3), we have 


Lim jf(x--Ax)—f(x) | Lim sin x(cos Ax—1)+cos x sin Ax 
фх--0 А УТ o em E 


Ax Ax 
Er 4, Lim onda д 
hes rae FEF SII in E aum IE AE m 
+005 x Tum авах (4) 
Now b шиг М = 1. We recall from Example 3, Section 25.2, 
inf Lm Leos o 
Thus, 0 E Anl =0 


(4), therefore, becomes 


Lim fx+Ax)-fx) 


ED AS =sin xx 0+cos xx 1 


=COS X 
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We have thus proved that 
Theorem 19: If f(x)=sin x, 
then. f'(x)—cos х 
In other words, the derived function of sin x is cos x. 


We will now find the derivative of cos х. Rather than use the delta method, we 
wil proceed as follows : : 0 


We let gio cosxesm( 4 —x ) 


Using Chain Rule, therefore, we have 
(к= в күй үт ы ; 
vor [ (2—*)] 8 (3 2 5 
But cos (+ -х )=sin x. Thus (5), becomes 


g'(x)- Gin х)х (—1)2 —sin x 
We have thus proved that 
Theorem 20: If g(x)=cos x, 
then, e'(x)=—sin x, 

[The reader is advised to furnish a proof of Theorem 20, by using the delta 
method.] 

Remark: We see that sin x and cos x are differentiable. It follows, therefore, 
from Theorem 15, that both sin x and cos x are continuous, 


We now consider some examples. 
Example 1: Find 2. if y=(cos х)! 


We let r=cos x and use the Chain Rule. We have 
у= 


Solution : 


Thus, 


Also, since 1—cos Х, 
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Now the Chain Rule tells us that 


dy dy dt 

dx dt dx 
Thus, ФУ зоп х) 
ie., و‎ cos?x sin x 


Example2: Find the derivative of 


ft) sinat, t>0 


with respect to t. 


Solution: Using the Chain Rule, we have 


= (V1) (VT) 
22:28 72) 


10 cos (VT) 


*Example 3: Find-the derivative of 


е (sin x2)3 
v 1--х2 


with respect to x. Hence, find the value of the derivative at х=0 and x= А/ Ж 
2 


Solution: We are given that 
(sin х2)3 
у= 
y E 


То find 2, we use the Quotient Rule and get 
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dy VIFF [Sin x$)*] Gin 3) (TF) 


он (TEE 
Now 3» [бів x2)*]—3(sin x°) 4» (sin x) 
=3(sin x2)? (cos x) (3) 
= 6x(sinx?)® (cos x?) 


1 
And -L— (E33) p (04992 201+) 


2 
c3 
V 1+ 
Thus (1) becomes 
эр Vireo ees 2 153 
pk 1+28 
te: p. x(sin x?)* [6(cos 230 --x2)—sin x?] 
23277 a m 


dy 
-@У at x—0, we substitute x—0 in (2). 


To find the value of 
dx 


2] Lf 
dx |х-07 


We get 


Similarly, we get 


dy E: 

dx 4, дан m 
$ у T (23 

But sin — =1 and cos + =0. Thus, we have 


e 
N E ш 
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(1) 


(2) 


(3) 
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*Example 4: Find the derivative of 


y=sin x? 


Let f(x) be a function and c a real number. 


Let, Lim _f(x)=/ 
xc 


Finally, iet g be a functio! defined on an open interval containing /. 


If, Lim gym, 
y>! 

then, Lim gf(x)]=m 
XC 


Solution : We have 
y-sin x? 
Thus, y+ Ay=sin (x+ Ax)? 
Subtracting (1) from (2) and dividing both sides by Ax, we get 


Ay _ sit (x+ ^x)$—sin x? 
NX Ax T 


We recall that 


sin A—sin B—2 sin A-B cos AtB 


with respect to x using the delta method. You may use the following important property 
of limits of composite functions : 


(1) 
(2) 


(3) 


Chus, sin (x+ Ax)?—sin x*=2 sin(x Ах+ ээ Эн ( SR (аз ) 


(3), therefore, becomes 


2 sin (x axt GE 


E 
AX Ax 
In (4), we take limits of both sides as Ax—>0. We get 


(енна о) 


(4) 
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2 
120 5 Tun sin ( x Ax 250) 
ES Ax Ax | 
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dx 
Lim 
2 | Ax+0 908 ( х2--х Ax+ шэн )| (5) 
We need to evaluate the limits in the R.H.S. of (5). Let us do so. 
уд 5 
Lim sin (х Ах+ oe") 
ДАх--0 Ax 
2 
TEC (x A») cos ( шш cos (x Ax) sin (22) 
= ۸+0 Ах = 
2 
m sin (x AX) cos (2525) 
= Ax-0 АХ 
‚ | (Ах? 
кые 
+ дхэ0 АХ 
: шү 
Lim sin ( x Ax+ ЇЕ Lim sin с Ах) Lim (Ax? 
d.e., Ах—>0 Ах T Ax E UNE 45 40) cos ( aan) 
. ( (A 
Li Lim 2 а») ! 
+ HS cos (x AX) Ax-0 Ax (6) 


0. Also as Ax>0, хАх->0. 


Now as Ax-0, (Ax)?+0 and hence (д2? -» 


Thus, 
Lim sin (х AX). Lim / іп (х Ax) x үз 
Дх--0 Ах Ax90 х АХ 
. АХ = 
Pet cos ae e: 


Lim cos(* Ах)=1 
Дх- 0 
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sin( (Ax? ) sin( (Ax? 
Lim DUE dy m 2 Ax 
Ax>0 Ax Ах—0 (Ax) 2 


-| Lim اه‎ aE a ES 


Hence (6) becomes 


Lim sin (x Ax+ sa 
Ax>0 Ax =x(1)+1(0)=x 


Next let us consider ЙЫ, [ cos (52--х Дх ( аз ] 


We use the property of limits of composite functions We let 
Да) Ax САЎ 
Then, Lim f(xex* 
Ах--0 


Also, Lim cos y=cos х2, sin 
"EM y се COS y is continuous, 


Hence Lim c - 2 
Ах>0 ЖОЛ See 


Li 
ie, AES [ cos ( х2--х Ax+ Ry ы xi 
Substituting (7) and (8) in (5), we get 


r4 =2x cos x2 


Example 5: Find the equation of the tangent to the curve 
y=sin x : 


at x= T 


(7) 


(8) 


© 


A 
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Solution: We have y=sin x 


dy _ 


T ي‎ 
hus, ay cos X 
The slope of the tangent at x=—, therefore, is 5] з Еген nud 
4 dx | л 4372 
хэр 


Also, when хэр, yzsin 


600 л 1 
The tangent at х= 2, therefore, passes through ( 4° Y2 ) and has a slope 


Using the point-slope form, we can write its equation as 


—4 : f 
Thus, V2 yoxt =0 is the required equation of the tangent. 


е6: Find the equation of the normal to 
y=cos (3t4-4) 


Exampl 


Solution: Since y=cos(3t+4), it follows that 


ys rs 
dt =—3 sin (31+4) 


At t= at , we have 22 =—3 sin (27 


The slope of the normal at i= a is, therefore, + ` 


Also at t= x, y=cos T =0. 
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—8 = 
The normal at t= 25 , thus, passes through Е 70 ) and has а slope, 


4 


Again, using the point-slope form, we write the equation of the normal as 


or, 18y—61--5— 8-0, 


which is the required equation 


EXERCISE 25.2 


Use the delta method to find the derivative of each of the following : 


1. cos x 
2. sin2x 
3. cos3x 


Find the derivative of each of the following: 
4. sin 4x 


A 


cos 5x 
6. sin (33), x>0 
7. sin x, O<x<1 
8. (x?--cos х) 
9 


x! sin х-Е2х cos x—2x sin x 


17.3 1 : 
10. 2 sin ax 5p COS bx 


iL cos (1—2) 


12. sin 2x 


13. sin3xsinx 


an. nd ла. 
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14. sin" x sin mx, misa positive integer. 
*15. Use the delta method to find f(x) if f(x)=cos (х24-1) 
Find f’ for each of the following functions : 
16. f(x)=(3 sin?x— cos*x 4-2)? 
17. f()=(t sin t—cos 4/7 )*, 220 


sin?u cos u 


18. f(u)= cos 3u 


Evaluate the derivative of each of the following functions at indicated point(s): 


1—sin x ао 
еа 22372 


20. Хорол ra ot 
cos (2+ 7 | х= 


sin?x4-cos х 
21. See , x=0and x= p 


22. 9 sin x-Fsin3x, x= * 


23. 4/sin'x?+-cos4x2, х=б and х-Ул 


24. cos (sin x2), х= Мт 


х5 sin x(1--cos х) 


T 
25. COS x=0 and x= ZA 


Find the equation of the tangent to each of the following at the indicated point . 


л 2o 
26. y-cosx at х= F 
27. y=2sin x+sin2x at x= + 


28. y=4+cos*x at Хєл 
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ч 
29. y=x—sin xcosx ах- 7 


_ I+sinx S/R 
ATT Ora 


31. y=cos xsin2x—sin x cos 2х at х= 


Find the equation of the normal 10 each 


of the following at the indicated 
Г рош: 


32. y-sin?x- at x= 3 
33. y=sin x+cosx at x=0 


34. y=3 cos x--cos 2x—Ssinx at x= T 


35. y-—2sin?3x at ree 


l+sin : 1 
лра E at x= 


37. ys-x-sin x cos x 


л 
at x—— 


Determine whether 


the following functions 
Stated values of х: 


are increasing or decreasing for 


38. f(x)=x+sin x for all x 


39. f(x)=x—cos x for all x 


40. (x)= -3 Tsinx for — Tex E 


3 
mum 3n 15155 
41. a(x)=c0s ( 2-2) Юг 7фроохєр 


25.4 Differentiation of Other Trigonometric Functions 


We now learn how to find the derivatives of tan x, 
We recall that while sin х and cos x are defined for all real 
cosec x are not. We will, however, 
every ііте we write them. 


cot x, sec x and cosec x. 
X, lan x, cot x, sec x and 
not bother to state the domains*of these functions 
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Let us first find the derivative of tan х. [Also, see Ques:ion 1, Exercise 25.3] 
We let = 


sin X 
/(х)=\ап х = 1 
cos N 


We use the Quotient Rule and obtain 


di 7 : 
cos N (x sin х )-sin x (<= cos x ) 


x) 
: fe (cos x)? 
E cos2x-+sin=x 1 x 
SOS = —„— швес? 
USE cos? x SEC 


We thus have 
Theorem 21: If f(x) = tan х. 
then, f'(x) == sec?x 
їп other words, the derived. function of tan х is sec?v. 
Next, we fnd the derivative of cot x. [Also, see Ques:ions 2 and 5, Exercise 
25.5] 
We let 


т 
y =соі х= tan (5 -Х ) 


We ше the Chain Rule and have 


Ф а (2. VA Ча ку 
NT ылды аа RAR ae x) 


We thus have 
Theorem 22: If f(x) == cot x 
then, f'(x) = --cosec?x 


* H cos Х 
velv, we can Write cot N= -——— Sw ERR 
[Alternati ely, € cot Яп and use the Quotient Rule to find the 


de rived function of cot x. The reader is advised to verify that he again gets the sani 
derivative.] j 


Lo 
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Now we find the derivative of.sec x. [Also, see Question 3, Exercise 25.3] 
We let 


f(x)—sec x= 
T(x)=sec cos x 


We use the Chain Rule and have 


1 4 | cbsinx 
je IN os х) Еш 
Po) (соз x)? dy (005 = “сойх 

in 1 
eS. =tan x sec x 
COSX cos x 


We have thus proved the following important theorem : 
Theorem 23: If fix) =sec x, 


then, f' (x)=sec x tan x 


Finally, we find ihe derivative of cosec x. [Also, see Question 4, Exercise 25.3] 


: 1 
Welet y=cosec v=: — 
sin x 
dy 1 cos Х 1 
‘OS ЧИ = ==; шщ 
з ex (sin x)? 9 sin ¥ sin x 


= —cosec x cot x 
We thus have 


Theorem 24: if їх) —cosec x, 


then, - f'(x)— — созес x cot х 


We make a table of derivatiyes of the six tri 


Bonometric functions that we have 
studied in Sections 25.3 aud 25.4. 


loo EE н A 
f(x) | f'(x) 
eee 

sin x cos x 

cos х —sin х 

ian х sec?x 

cot x —cosec?x 

sec x Sec x tan x 
cosec x —cosec x cot x 
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We consider some examples. Agai 
. Again, we will not bother 
г to state the domai 
ains 


We. expect the student to find derivatives only at points wiere ñe ca 
ч ie can use the stand 
ага 


results, rather than the deltu method. 


Examplei: Find /'(х) given that 
f(x) =ѕесіх 


Solution: Since fO)=sec’x, 


f (х)--4 sec?x 42 (sec x) 


We have 

+=4 вес?» (sec x tan x) 
Thus, /'(х)=4 sec'x tan х 
Example 2 : Find the derivative of 


y=cot*x—tan А/ x 


with respect to Х- 
We have 


Solution : 
y=cotx—tan мх 
dy 3 cott (Se cot X ) sec? M x) Си Р 
[н ог dx as е) 


1 
——3 cot2x cosec?x— — sec? A/ x 
24/ х У 2 


7 
Example 3: Differentiate [sin (ax+2)) 2 with respect to х 
Sclution: We let 
lf 
y=[sin(3x+2)] 2 
tesin (3x+2) 
gs D 
27А 
2 
(2) 


=t 
Then, y 
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а а 
We сап now use the Chain Rule. We need - and >=: 


а ах 
From (1), we have 


dt 
—-z 3 ВЕ 
Чу 3 cos (3х--2) 


From (2), we have 


E gua 
dx 2 
Ч y dy M а 
Now. dom ci. dx | 
5 
OL ea ra 
Thus, PIS oU [3 соѕ ( 3x--2)] 


5 
be. ee Sh (sin (3x2) 1? cos ( 3x42) 


Example 4: Find the derivative of 


Ул (osec? x + tan x -+ cot x y 


dy > 
and find ae Mee т 


4 


Solution : Since у = (cosec? x 4- tan x + cot x p» 


у 5 4 
we have "dx ^ 7 (cosec x + tan x + cot x f "ds ( cosec® x + tanx + cot x) 


: dy : 
ice = A cosec? x +tan x- cot х )9( -2 cosect х cot X+sec? x—cosec?x ) 


2 COL es ا‎ ә R 
Оа Еі Secr A2 = cosec-7- 


7(24141)*(-2 2) (1) + 2—2] 


- 
zz 
5 
le 
SS) 
x 
П 
al a 
1 


== --114688 
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Example 5 : Jf y sin x + y tan X + (1+72) cos x—0, find 28. 
: dX 


Solution i We differentiate implicitly and get 
(усов x-+2y-% sin x) + (y sec? x + dy 
dx y sec“ x 7 TET tan X ) 
+ [( 1+x?) (sin x) + 2xcosx] = 0 


4 А 
Thus, A |2у sin x+tan x] = ( 1х2) sin x — (у2--2х ) cos x - Y sec? x 


Hence, dy _ (1+?) sin х--(у2--2х) cos Х--У sec? x 
dx 2у sin x + tan * 


Example 6 : If ysecx + tan y + xy = 0, prove that 


Gece dues оса 1) =0 


Solution : We are given 
y sec x+ tany + 20 =0 
We differentiate implicitly and get 


(y sec x tan вех) + (sec? у) بك‎ над = 0 


Hence, A e ULLA cu TM 


which proves the desired result. 
Example 7: Find the equation of the tangent to 


у tpi x —2вп* +2 
atx = A 


Solution : At x = 74 
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We now find the derivative of y with respect to x. We have 


dx = 2 tan x sec? х — 2 sec? x 


dy 
Thus, e Ч 


в 720)(4/2*—26 2 =0 
a 


The slope of che tangent at x = > is thus zero this means that we have a hori- 


zontal tangent at x= a » whose equation can easily be written as 


ОД БЕ 
Example 8 : Find equation of the normal to 
y = 2sec x + cot x 


л 
at х= ТАГ 


Solution: When x = ©, y 


7 л цан 
2 sec +cot- = 24/2 ard 
dy 
We now find 267 We have 


х 
2. = 2 sec x tan x — cosec? x 
2 523 P. T 
Thus, 2] fe > AV 2) 0) —(V 2)? = XV 2 —1) 
4 


The slope of the norma! at x— = is, therefore, 


с ey SE) 
Av 2 —1) 2 
Thus, the normal at x — v passes through the point (3. 2/2 41 ) 


20) 
nd has a slope — уз ас n Its equation, therefore, is 
а 2 


6 
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y-QV2 +1) = ze i] (1, 


Multiplying both sides of (1) by ж Xn = 2 (4/2 —1), we rewrite (1) as 


2 (V2 —1уу—2 (/2—1) QV2+1)+ x— 1-0 


Ог, 2 (/2—1)у + x- [622 + 4 |-о 


which is the equation of the required normal. 


EXERCISE 25.3 


Use the delta method to find the derivative of each of the following: 


l. tanx 
2. cotx 
3. sec x 
4. cosec x 


5 л um 
5. Write cot x—tan (3- х ) Use Chain Rule to show that the derivative 


of cot x is — cosec? x. 
Find the derivative of each of the following : 


6. cot?x? 


3 
7. tan х" 


8. «/sec!x4-cosec?x 


9. ¥ tan x sin 2x 


3 
10. (x сойх)! 


{+tan х 
]—tan х 


sec x+tan х 
sec x—tan X 
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13. × tant 5 


14. 4/x* sin x + tan x 
15. (tan?x+ cosec? x-4- 2) 

їал х 
16. (x*—1) (cot x4 122) 


V. tan (s14-x4-2) 
18. tan” (ax4 b) 


з 
19. (x tan x—x? sin x+sec x)? 


20. ( «овес x1—3 cos V ¥ +4 cot x? y 


2 tan х 2 
21. (as x ) 


Evaluate the derivative of each of the following functions at the indicated point(s) : 


22. Sunsa x! sin s, X230 and x= + 


23. cot x4 ѕес2ү-} 5, ym € 


24. (cosec x+ sin x + tanx)’, x= 


Find Zi in each of the following : 


25. 
26. 


y tan х—у° сод Х--2х--0 


sin! х- 2 cos ر‎ xy 0 
27. sin (ху) + == xt_y 
28. (14-9) sec Х- cot x+-1=— 2 


29. 29 Зүүн + tan®x + sin y=0 
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30. tan (x-+y)+tan (х—у)-=1 
31. cos (х+у):=у sin х 
32. cot (xy) tay =y 

Find equation of the tangent to cach of the following at the indicated point : 


n 
33. y-tanx ах = 2 


34, y=secty —tantx — at x— T 


35. yscotit-Ftan?*--2 at x = VE. 


36. у=ѕіпах-- cot$x--J at x= т 


Find equation of the normal to each of the following at the indicated point . 


37. y = CO х atx = 


x sin 2x | 
38, ул at von 


39. y=(sin 2x+cot х+2)2 at x 


owing functions are increasing or decreasing for stated 


жеп. 
5 2 


Determine whether the foll. 
values of x. : 
(218 цар integer 


40. f(x)=tan x—1 for all x Xv 


z 
41. С(хусчаа x — 4 for — 7 <* <0 


25,5 Graphs of sin x and cos x 


o draw graphs of sinx and cos x. We have seen that both 


; lea t 
We now learn how sil real values of 


sin x and cos x are continuous for 
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We recall that 


Sin (x-+2n) = sin х 
and, — соз(х--2л) = со8 х 
i.e., both sin x and cos x are periodic with а period 2r, 


It suffices, therefore, to draw а graph of y = sin x ор J=cos x in 0« x «од, 
We first draw а graph of y=sin x 


ivan m ay 
Its derivative js dx ~ ©0$Х. We recall that cos x >0 in 0< x < 2 


Thus, sinx increases in 0< x< > к 


Again, we recall that cos х < 0 in >< x< a sin x, therefore, decreases 


TT 3 
in DS 


By examining sign of cos xin the interval A << 2n, we can similarly 


conc] in x j in Эк 
nclude that SIn x increases in 72 & X € 2k. 


We Construct a table of values of х and sin x 


[In the Same table, we also list 
the Corresponding values of сод x.] 
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A graph of y=sin x for ОК x«2n is given in Fig. 25.3. 


"Yi 


Fig. 25.3 : Graph of y=sin x, 0€ x« 2r 
Because of periodicity of sin x, it is possible to extend this graph on both sides 


A graph of. y sin x for all real х is shown in Fig. 25.4: 


Fig. 25.4 : Graph of y=sin x 


Зу a similar analysis, the reader is advised to draw a graph of y=cos x. 
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Fig. 25.5 : Graph of Узасов x, ОК x« 2n 


Fig. 25.6 : Graph of y=cos x 


Graph of :—cos х for 0 €x < 2r is Shown in Fig. 25.5, Periodicity is used to 
extend tr. &raph on both sides in Fig. 25.6. 


EXERCISE 25.4 
l. Drawa graph of y=? sin X, 0€ x«2?r. 
2. Recall the period of y--sin 2x, Draw a graph of y—sin 2x 
3. Draw graphs of v=sin х and y—sin 2x on the same axes, 


. 


4. Draw graphs of y=sin x and y= — sin x on the same axes, 


5. Draw a graph of 3773 cos x, 0< x € 2л, 


е 
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6. Recall the period of y=cos 2x. Draw a graph of y=-cus 2x. 
7. Draw graphs of y=cos x and y=cos 2x on the same axes. 


8. Draw graphs of y=cos x and y= —cos x on the same axes. 


25.6 Key Concepts 


Graphs of sin x and cos x 


Derivatives of trigonometric functions 


25.7 Suggestions for Further Reading 


Any standard text on Culealus can be coasdted for further reading, for instance, 


Ш of Section 18.7, (!] of Section 20.5, [1] ef Section 21.9, [1] of Section 248. 


ТОЗУП: y 2 : ВР 5 
A proof of Lin: = e: | qsing the perimerer of a regular n-gon inscribed in a circl- 
tot 


is given in 
11) M.S. Kuchelmen: 4n Elementary Limit. 
American Mathematica: Monthiv Journal), Vol. 50 (1943), page 507. 


An alternative and elegant proof of Lim cos t= is given in 
1-0 


[2] M.J. Pascual: On the Lim cos 0 
6-0 


2 (1955) s 3&3.753 
American Mathematical Monthly (Journal), Vol. 22 (1955), pages 252-253 
с sint TE UN 
Still another proof of ar = ==] is given in 
1-30) 


. sip t 
13) S. Hoffman: ^ cls:szoom Proof of мал =f. 
(552 


American Mathematical Mouthly Journal}, Vol. 67 (1299), pages (Т1—( 


M 


UNIT XXVI 


MAXIMA AND MINIMA 


The scientists and mathematic. 


ians of the 17th century were concerned with 
another class of problems, be. 


Sides the Problem of speed and the problem of 
tangents, pertaining to trajectories of cannon balls and other kinds of Projectile 
paths as also the motion of heavenly bodies which essentially led to finding the 
maxima and minima of functions, In this unit, we Study techniques for deter- 


mining the maxima and minima of functions. 


261 HOW HIGH WILL THE BALL GO? 


A ball is thrown vertically upwards 


Viu ап initial Speed of 
above the ground, at a 


29.4 nsec. The height s, 
ny instant t is given by 


S = 29.40 — 4.912 


How high will the Бай go ? To answer th 


is question, let us write 
$= —49 (?—60 = дори —3)#—-9] 
іе, s= —49 32 4 44.1 
To find the maximum value of 5, it is clear that we 
tion of the term involving t in (1) 
tes that t = 3. 


should try to make the contribu- 
as sinall as possible. (Why 2) This, of course, necessita- 


Thus the maxinium height t 
attains at the end of 3 Seconds, 


We ask another natural question. What will be th 


e velocity 
when it reaches its inaximum height ? 


of the ball at the instan 


ds ds 
We compute 1 2 We have "dp 294—9.8; 


(2) 
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Fig. 26.1 : Graph of s = 29.41—4.912 


We see that the velocity at the precise instant when the ball reaches its maximum 
height is zero. 

Next we examine the velocity before the ball attains its maximum height and also 
after it has reached its maximum height. We see from (2) that 


ds 
a 9.8 (t—3) 
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Thus, when t < 3,1—3 < 0 and, therefore, > 0. Also, when t > 3, 1—3 > 0 


ds 


and, therefore, тар < 0. This tells. us that the Бай is Boing higher and higher for t — 3 


and that for t > 3, the height of the ball decreases i. e., the ball starts falling back to the 
ground. 


If we plot s asa function of t, Say, 5 - f(t), the above information tells us that s is 
an increasing function for t < 3 anda decreasing function for t > 3. Also, that for t = 3, 
the graph has a horizontal tangent. (See Fig. 26.1) 


We say that / 3 is the point of maximum of s = f (t) in the sense that s has the 
maximum value for this value of t. 


Let us consider another problem. 
26.2 The Number Game 

How should we choose two non-negative numbers whose sum is iso that the sum of 
the square of the first and the cube of the second is the minimum? Let us assume that the 


second number is x. Then the first is ;ccX. if as obvious that x can take values between 0 
and i. 


We have to choose the value of x so that 


has the minimum value. 


We let 
1 2 3 
y = zx +x 
yc ig хрх 4 x3 
ê 4 ; 
We see ^at the situation here is very much different from the previous example. It is 


not easy to express у in a form that will help us to find x for which Phas ihe minimum 


кое гу 


AEE SDL УУ ГГ г УГ Г EEL салс 
CETERIS, ТОСУУ m Г СУ Г ALE Г С г г А 


£Z- 154 Qe Заа 
1 
-3(х- 1) (x41) 
Now х+1 is positive. (Why ?) Thus the sign of 2 is determined by the sign of 


1 ау i il: dy : 1 dy 
х— =. We see that 7 < Oif x < — and -1-»0 if x > 3>. Also that 7——0 


dx 

Doc 

if х = 37 

1 : 
Thus у decreases for х < з and increases for x> + At х=4-, therefore, у 
has the minimum value. (See Fig. 26.2) 
i 
E + X 


We say that X = 3 


th 


1 
Fig 262 : Graphof y =| x ox e 
g 20.2: 2 33, x<7 


2 
L is the point of minimum of y = (5-5) t30€«:« 4. m 


e sense that y Aes the minimum value for this-walue of x. 


5 1 4 
| Can you write the two numbers now ? They are € and 4 | 
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26.3 A Working Rule to Find The Maximum and The Minimum of Certain Functions 


By now it should be intuitivel 
Xo and decreasing on its right, 
26.3) 


у clear that if f is increasing on the left of some point 
then it has the maximum value at the point Xo. ( See Fig. 


^ 


d 
Ж 
“95 
e 
б 


Fig. 26.3 


Our knowledge of Calculus, therefore, gives us the followin 


8 Working Rule, WRt. 
WRI: 


If f is defined and continuous in J and Xo seme point in J and if 


(i) forx — Xo ( X not an end-point of J ), T (x) > 0 and 
(i) for x > x, (x notan end-point of J ); f’ 


(x) < 0, then fhas the maximum 
value at x,. Further, хо is the point of maximum. 


4 
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What if we were looking for the minimum value at x, ? Again, it is intuitively clear 
that if f is decreasing on the left of some point x, and increasing on its right, then it has 
the minimum value at the point Xo. ( See Fig. 26.4) Thus we have the fol'owing Working 
Rule, WR2. 


WR2 : If f is defined and continuous in J and X, some point in J and if 
(i) for x < x, ( x not an end-point of J ), f' (x) < 0 and 


(ii) for x > x, (x not an end-point of J), f' (x) > 0, then f has the minimum value 
at xo. Further, x, is the point of minimum, 


We consider some examples. 


Example 1: The Revenue Function R (x), in rupees, of selling x items* (x > 0) of 
a certain manufacturing concern is 


R (x) == 4000 x — 2 x2 


Determine x at whica the concern makes its maximum revenue. Find also the maximum 
revenue. 
Solution : Clearly R (x) is continuous. We have 
R' (х) = 4000 --- 4x 
ie, R' (x) = 4 (1000—x) 
Now, whenever x < 1000, R’ (х) > 0 and whenever x > 1000, R’ (3) < 0. 


Thus R (x) has the maximum value at х = 1000. In other words, tie manufacturing 
concern makes the maximum revenue by selling 1000 items. 


Maximum Revenue = R (х) = 2000000. 
x= 1000 


Thus, (he maximum revenue which the concern makes is 2s 2000000. 
, 


Example 2: Determine the minimum value of 
f(x) = sin x 
in 4 < х хэ 2n. 


*Akhough,asan economic variable, x would take positive integral values, we let x take values in 
‚а 


he interval x 2 0, while viewing it аза mathematical problem. 
t 
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Solution: Clearly f ( x ) is continuous. We have 
ПИО = соз х 
Now, whenever по Л (х)-«:0 and whenever Eus <х< 2л, f'(x)>0. 


S. 3x 
Thus, f(x)=sin x attains the minimum value at x = >: 


Minimum value = sin x] = —1 


х 


І 


EXERCISE 26.1 


An object is thrown vertically upwards, on thi 
initial speed of 6.4m/sec. The 
instant t is given by 


е surface of the moon, with an 
height s, above the surface of the moon, at any 


5=6.4t--0,8t2, 


How high will the object go ? How much time will it t 


ake to reach the maximum 
‘height ? 


A manufacturer can sell x items (x 20) at a price of Rs (330--х) each. The 
cost of producing x items is Rs x?-- 10 х +12. Determine the number of items 
to be sold so that the manufacturer can make the maximum profit. 


(Hint : P(x) = x (330—x) —(x24 10x--12)] 
Determine the maximum value of 


f(x) — sin2x 


in 0< x <3 


Find the point of maximum of 
y=4+3x—2x? 
in O€x«l. 


eit 
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Find the minimum value of 
у=х%—3х 
in б<х<2 


Determine the minimum value of 


Amongst all pairs of positive numbers with product 64, find those whose sum is 
the least. 


. The Profit Function, in rupees, of a firm selling X (X220) items рс: week is 


given by 
Р (x)4-3500— (400—x)x 


How many items should the firm sell to make the maximum profit? Determine 
also the maximum profit. 


A beam of length Zis supported at one end. If w js the uniform load рет unit 
length, the bending moment M at a distance x from the end is given by WS. 


a 
2 


2 


M = их 


Find the point оп the beam at which the bending moment has the maximu 
m 
value. 


Find the point of minimum and the minimum value of 


; BE: 
faze + xt—2x411 


for x0. 
Determine the point of maximum of 
f(x) = sin X4-cos x 


in 0 << 


ЖЕ 
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[ Hine > COS x—sin x —4/2 cos (+ Tx )] 


*12. Ofall the closed cylindrical tin cans (right circular) which enclose a given volume 


of 100 cubic cm, which has the minimum surface area ? 


[Hint : Volume V—zr? h and Surface Area S—2nr?4-2nrh. 


| 19 200 ... 7 
Express A as 5 = E, Thus S (r)2-2ar?-- = Find S'(r).] 


26.4 The Number Game Again 


An important question now poses itself. Do the Working Rules that we have 
developed in Section 26.3 work for all kinds of functions ? The answer to this question is 
“No”, as will be clear from the following example : 


In the Number Game example of Section 26.2, 


we modify the restriction on numbers 
slightly and ask. “How s/iould we choose 


two mimbers, each less than or e 


qual to 2, whose 
SU 
sum is > so thatthe sum of the square of the 


first and the cube of the second is the 
minimum 9” 


As before, we let the second number be x and the first number be = E 


e 3 
¥ <2, it is clear that x can take values — — <x <2. 


Since both x <2 and 2 —х< 2 SxS 


We have to choose the value of x so that 
1 2 
у= (x)= (+ - x) EN 
2 
ге. аа. + x23 
1577 4 1-3 
has the minimum value. 


As before, we find 2 We have 


a pet 1--2x 4-332—3 (х- 3) (Х--1) 
d- 
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Du суур 


Clearly СУ is positive if both 1 \ and (x+!) are positive or both negative, i 
Ж 3 gative, i.e., 


E 1 dy . eds 1 
ifx- ox < =i And S negative if ( ie 3) and (x+1) are of opposite signs, 


Р Ё 1 
рел = =e Thus we have the following situation : 
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==> «х -1 /' positive J increasing 


-l<x < J’ negative f decreasing 
To a ڪل‎ ЕЕЕ а 6 


4. «х«2 I’ positive f increasing 


We see that WR2 only works :n the sub-interval —] — x < 2 and tells us that 


at x-. inthis sub-interval, f has the minimum value. But what about the sub- 


interval -- 3 SI <=? 
233 d. + 3 
Since fis Increasing in — 7 $&*«— |, it is clear that f takes values larger 
2 3 Бал 

than 4-4) for — fons CS =, Вит f(- d = 4 Which, of course, is larger 
А ТГ 1 7 5 7 : 1 
than the function-value at کل‎ = [: 3) = л = “in fi 
0 7 > | Since f£. 3 108 апа в > 108 | Thus 3. 


entire domain of f. (See Fig. 26.5) The 


А zu П i 

Tequired numbers are again `6 and >. We see, therefore, that although хо = 37 isthe 
point of minimum of J in the entire domain — F SX <2, we could not determine this 
point of minimum by WR2. We, therefore, 


the maximum and minimum value of such 
criterion ? 


need an alternative criterion to be able to find 
functions. How shall we develop this alternative 


We recall from the examples above that if there is a tangent at the point of maxi- 
mum or minimum, it is horizontal, i.e., it has Slope zero. Can we use this as a criterion or 
as a motivation for developing a criterion? We ask, therefore, that must this be true for 
such points (of maximum or minimum) for ац functions? The answer is that indeed it is 
true for a great variety of functions if: there is а tangent at such points, 


Rather than give an analytic proof, we again appeal to Our intuition and make 
an argument which we will also find useful later on. We will show that tangents at such 
g 


points, if there is a tangent, cannot have a positive Or a negative slope (and hence, it 
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necessarily must have zero slope). Before, however, we do so, we make the following 
observations. We shall confine our attention to non-constant functions.* 


Suppose a fua.tion f has the maximum value at some point хо. Then common- 
sense tells us that the graph of the function must зе below the iine y—f(xo). (See Fig. 26.6) 


Fig. 26.6 


Similarly if f has the minimum value at some point xo, then the graph of ths function must 


А 


Fig. 26.7 


lie above the line y—f (xo). (See Fig. 26.7) We now return to our problem: 
dto havethe maximum value at every point of its domain and similarly 


*A constant function f is deeme h r 
the minimum value at every point of its domain. 
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Let us suppose the tangent has a positive Slope. How does Braph of f behave 
when taugent at a point, say P, is Positive? It is c] 
of Q on the right of P and 
the secants РО, 


We Їеау : 
the tangent QS a ЫН Teader to similarly conclude that if the slope of 
, lently s А 
lies below the horizontal line аср; У amall portion 9f the graph off on the right of P 


But at a point Xo of maximum, the graph of fis totally below the horizontal line 
f 


Y «= f (X9). And, at a point of minimum the gra i 
i > Ph of fis total i i 
Voc f (Xo). Thus the slope of the tangent at the Point of ma oe ЭН үү е 


sa $ ximum or Пү А 
be positive nor negative — it must be zero, minimum can neither 
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We state this important result in the form ofa theorem : 


Theorem 25: Let f be a function defined on an interval J and letf attain its 
maximum or minimum value at some point x, in J (x, is not an end point of J). If f’ (x,) 
exists, then 


f'(xo)=0 


Thus to look for points of maximum or minimum in the interior of J, we solve 
f'(x) = 0. The solutions of the equation f'(x) = 0 give us candidates for the maximum 
or minimum. But what about the end points? We calculate the function-values at the 
end points and thus have the following Working Rule, WR 3. 


WR 3: Let f be a continuous function* defined on an interval J of the typea x « b 
and let f be differentiable at all points of J, except possibly atend points. Then to find 


the maximum or minimum value of f, 
1: Find all solutions of f' (x)=0. Denote the solutions by хі, X», etc. 


2. Compute the function-values at x1, X2, etc. 
3. Compute the function-values at the end points. 


Then the maximum value of f is the largest of the function values at the end points 
and at xj, хэ, etc. The corresponding points are called the points of maximum. And the 
minimum value of f is the smallest of the function-values at the end points and at хї,х,, etc. 


The corresponding points are called the points of minimum. 


That a continuous function f does indeed have the maximum or minimum value 
inan interval J of the type acx«b is ensured by the Extreme-Value Theorem, which we 


state without proof. 
Theorem 26 : (Extreme-Value Theorem): Letf be a continuous function on an 


interval J of the type a < х < Ь. Thenf has the maximum value and aftains it at least 


once in J. 
Also f has the minimum value and attains it at least once in J. 


We consider some examples. We start with our favourite Number Game and 


further modify the restriction on numbers. 


*Most of the non-constant functions that we deal with in this book are not constant even on any 


sub-interval. 
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Example 1: How should we choose two numbers, each greater than or equal to 


—2, whose sum is T so that the sum of the Square of the first and cube of the second 
is the minimum ? 


Solution: We again let the numbers be x and + —. Since both x 2 — 2 and 
5 
T — X > —2, itis clear that X can fake values in —2 «x Sj 


2 


| 
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We have to find the minimum value of 
2 1 2 1 ЭЕ 22035055 
fo) (+ = x) MX po т сарт 
We find f’ (x) and then solutions of f’ (\)=0. We have 
F œ= — I2 x43 8-3 (x= +) (x+1) 


Thus f' (X) =0 when x = E orn == — 1.5 = + and x = —1 are, therefore, 


candid: .es for the point of minimum. 


We compute the values of f at the end-points and at x= + ana —1 and have the 


following table: 


[Lope 
| | 
BE XE 2^ 0152 


Example 2: Determine* the maximum and minimum of ' 
f(X)—cos x - sin x, 0< x «c 


Solution: We have 


f (x)=cos X-+sin x 


Thus, f (x)= —sin x--cos x 


f'(x)=0 when cos Х==$їп X, ie. when х= 


d = = ~ SS 
"To find the maximum (minimum) of f(x) means to find the тамтит value (minimum value) of f (x) 
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Thus, f has the maximum at x — 
f is 4/2 and the minimum of IS 8 
Example 3: 


Solution : 


Thus, 
18 


Thus, 


Fig. 26.10 : Graph of y 


=sin x--cos X, OS хє. 


P and the minimum at хп, The maximum of 
Find the maximum and minimum of 
f (Ху=хз%—12х--36 X--17 in 


1 € x < 10 
We have 
/б)=х%—12х%--36х-1-17 
Г) = 3x2 — 2404-36 = З02--8х--12) 
f' (x)=3(x—6) (х—2) 


/'(х)=0 when x—6 ог х=2 


> 
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We have 
7(1)-442, f (2)=49, f (6) —17, f(10)—177 
Thus, f has the maximum at x—10 and the minimum at x—6. The maximum 


of f is 177 and the minimum of f is 17. 
[The reader is advised to draw a graph of the given function.] 


Example 4: The Demand Curve expresses a relationship between the number of 
units demanded of a particular item and the corresponding price. 


The Demand Curve of an item is given by the equation* 
f (x)==31--0.25x2, 0< x < 8 

The Cost Function (in rupees) for x items (x>0) is given by 
C(x)—4(x4-1) 

Determine the value of x for which the-firm makes the maximum profit. 


Solution: It is clear that the Revenue R(x) is the amount received by selling x 


‚ items. Thus, 


R(x)=x f(x)=x(31—0.25 x?) 
ie, R(x) =31x—0.25x3, 0« x «8 
We are given that the cost of producing these x items is 
` C) 4G 1) 
Thus, the Profit PLACON P(x) is- 
P(x)= К(х)— C(x) 
—31x—0.25x3—4(x4-1) 
ie,  P(x)—27x—0.2533—4, 0< х <8 
To find the maximum value of P(x), we compute P'(x). We have 


Р(х)-227--0,75х8 
Now P’(x)=0 when х?=36 i.e., when x= 3-6 (clearly xz — 6). 


“Being an economic variable, ‘number of units’, x takes only positive integral values. Further, x—0 is 


not economically plausible. However, viewing as a mathematical problem, we let x take all values in 


the interval 0&x«8. 
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The candidates for the maximum аге x—6, and, of course, the end-points. 


We have 
РО} 4 
P(6) — 104 
P(8) = 84 


lus, the maximum profit is obtained by selling 6-itéms: The maximum profit is 
Ks 14, ^ 


Е.хашрїе 5 Shon that, of all the rectangles with a given perimeter, the square has 
the largest area 


Solution: Let us suppose that the given perimeter is P metres, and let x metres 
and y metres be the dimensions of the rectangle. : 


Then. 2х-2у-Р 


i ) 
Thus, у=-у\Р—2х) 0) 


Since x>0, y>0, it is clear that 0< x < = 

Now, Area=xy = qe 2x) 

Let, A(x) =. Рх? 0« x st 

We find solutions of 4'(x)—0. We have 
А(ху- + Р--2х 


Now, A'(x)-:0 when P—4x ie, when x= + 


Р : E 
Also, A(O)=0, A (Ти Хос е ш = ат 


р р? р? 
and. 4 5 | MAT 4 =0, 
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7 


Thus, the area function A(x) attains the maximum value at x= А 
4 


z 23 М Ix : 
But when P=4x, we have. from (1), that y= 35-02%) =X which means that the 


› 


dimensions of the rectangle (when it has maximum area) are 4 metres and А 
+ 
metres, 
ї ves our result, namely а SRI 
This proves ely, that of all the rectangles with a given perimeter 


the square has the largest area. 


[Remark : If instead of rectilinear figures, we allow closed curves with a given 
perimeter (length), itcan be proved that the circle has the largest area. However the 
proof is beyond the scope of this book.] 


EXERCISE 26.2 


Determine the maximum value and minimum value of cach of the following ia the 
stated domains : 


1552 9 
Jd 5 x2, =0<1< Y 


3, fix) 2x2—9x--1. <х<5 


See, 
4. (== 5-02-25 El. 0<x<? 


2 


CB ae ME SED. xd ts) 
ye Pt 4 Ogre ج‎ 


uv 


6. f(x) x?--48x -17, 0<1<5 


7 y—x1—8xt-16, —4<х<0 
2. 
3 
8. /59-(Х44) 7,  0xx«s8 
[Hint : If there are nc solutions to f’ (x) =0. then the only candidates for the 


maximum and the minimum are the end-points.| 
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х--1 


9. NOE ees 0<х<2 


10. у=х--ѕіп 2х, ` 0<х<27 
у= —х4+2 sin х, О«х«От 


D. (39-51) 4117, 


0<х<1 
A sul 
13. g(x)=x?2 4/1--х, =!<х<-—- 
14. у=2 соѕ 2х— соѕ 4х, 0<х<хл 


16. Show that the height of the right circular cylinder of maximum volume that 


can be inscribed in a given right circular cone of height 4 is + h, 
17. Find the maximum value of 


2 
y=x 3 +(x—2) 


| » 


in 0х2. 


18. Find the area of the largest rectangle having the perimeter of 200 metres. 
26.5 The Extended Number Game : Local Maxima and Minima 


We return to our example of the Number Game and: relax the restrictions on 
numbers. How should we choose two numbers whose sum is 


z 50 that the sum of the 
square of the first and the cube of the second is the minimum ? 


As before, we let ip- 


2 —* and x be the two numbers, Then we have to minimize 


Дх) = (+ EJ = + — х+х?-Ьх% 


We have /'0) = 1+23 = 3(х— L) «+ 


Where does f have the minimum now ? 


MAXIMA AND MINIMA 


We study the sign of f' and have the following situation : 


f' positive f increasing 
| т, 
1 ; 5 
=з ү f' negative f decreasing 
[ab anco л =! 
1 0 iti E1 
227203 f' positive f increasing 


n that arises now is how far does f decrease? It can be proved* 


A pertinent questio 
and that f(x) оо as х xo. A graph of f is given in 


that O —90 85 * Rd 


Fig. 26.11. 
that f has no point of minimum. 


We se^ therefore, 
nt of maximum.] What exactly is happening ? 


[In fact, it is easy to see that f 


also has no рб 
e Lave the following situation : 


W 


1 2 
E Dl 


Point of minimum at х= 


Point of minimum at X —-3 


3 

3 «х«2 

2 < й 

E <5 Point of minimum at х = -2 
x real | No point of minimum 


onger result : 


— 
* [n fact, We can prove а str 
(i) Iff (x) is an odd-degree polynomial in X, 
f(x) >= asx 7° and f{(x)>— = #8 е; 


i Е olynomial in х, 
(ii) Iff (x) is an even degree poly’ 
| гх>— = 


f(x) >= asx > ^? 
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w =} i 
e see, therefore, that x= 35 the point of minimum in. — 3 
7 Kx < 2 but thar 


in the in — SA m 
enlarged domain 2<х< , itis no longer the point of minimu 

a m; now X —— 

becomes the point of minimum. Further that if we let x be real, then f h : 
ES ? , as по poin 
minimum = al ai 
at all. We say, X is a point of local minimum in the sense th. 
at it is a 


t of minimum for f in some jnterval containing EL of which== is 
3 3 not an end-point. 


me definitions : 


poin 

We now make so 

n interval J has а local maximum (value) at 
а 


n 6 : A function defined on а 
f (x) > f (x) for all x In this interval. x, is 
ores 1 


Definitio! 
| around* Xo, 


n J if for some jnterva 


point xo i 
t of local maximum. 


said to be a poin 
d орап interval J.has я local minimum (value) at а 


7: À function define 


Definition 
peint Хо in J if for seme interval around хо. f (хе) < f x)cfar АЙ xin this interval 
said to be 8 point of local maximum . x is 
jnimum are maxima and minima respectively. | 


f maximum and т 


| The plurals о 
ümber game clearly x= —2 is mota point of 1ocal 


Remark : In the extendéd п 


even though it i m in the interval —2« x < 5 
2 


minimum, s the point of minimu: 
cal maxima and minima ? Again, we consider onl 
( i j : оп 

J and differentiable at all points in J, except Цас 

nt of local maximum ( or minimum ) (Кер 2 

d o 

by Theorem 25, 


determine these lo 
jnuous in 


саг that if Хо is à poi 
) in some interval around Xo. Thus, 


4, 
у һе equal 10 zero und vel f may not have local maximum 
or 


But f (ху) та 
think of ал example ? 


minimum at ху CaP you 

[Consider f (* = x8 and Xo = 0. Then f (0) = 0. But we recall that y—3? is an 
increasing function and, therefore, can not have any point of local maximum or minimum.) 
but not sullicient condition for our fut 


s that f ' (x9) 0 is à necessary 
So how should we be sure ? 


(or minimum ) & Xo: 


his merval == - --- 


is not an end-point of t 
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One thing is sure that if for an interval Jo around ху, f’ (х) > O for x « J in Jo 


and f’ (x) < 0 for x > Xo in Jo, then by WRI x, is the point of maximum of f in J, and 
hence, a point of local maximum of f. f 


Since f' (xo) = 0, it means that a sufficiently small portion of the graph of f' on 
the right of the point ( xo, 0 ) lies below the horizontal line at this point and a sufficiently 
small portion of the graph of f’ on the left of the point ( xo, 0 ) lies above the horizontal 
line at this point. Recall that this would be possible if the tangent to the curve y—f' (x) at 
the point ( xo, 0 ) has a negative slope. This would be so if the derivative of f' (x) at xo, 


which we call the second derivative of f at Xo and denote* by f" (хо), is negative. 


We state this in the form of a Working Rule, WR4 : 


WR4 : If f is defined and continuous in some J and Xo is in J, but not an end-point 
of J, and if 


G6) £" (xo) = 0 A 
(i) f" (хо) < 0, 
then, f has a local maximum at хо. 


Similar reasoning for a 
Rule, WRS5 : 


WRS: 
of J, and if 


Point of local minimum gives us the following Working 


If fis defined and continuous in some J and хо is in J, but not an end-point 


(i) f’ (xo) = 0 
(i) f” (xo) > 0, 
ther f has a local minimum at хо. 


‘Local maxima and. local minim, 
when we look around ourselves and see 
est building around. However, when 
tallér building. 


а are important in their own right. For instance, 
à tall building, we tend to believe that it is the tall- : 
we extend our field of vision, we may find a still 


We consider some examples. 


Example 1 :, Find the points of loca] maxi 


5 ша and minima of the function 
f (X) = XV 338 


їп—5 Сх 5; 


*If.we write our function as J'—/ (x), another notati 
vative of f can be'computed at а point хо only if th 
val around Xp. 


4°, E 
on for the second derlvative is IER The second deri- 


nets dx? 
€ first derivative f' of f can be computed in an inter- 
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Solution : We have 
ХО) = х 4322 


(—23) + 32 


А 1 
Thus, /'(х)=х Луут 


E —2x?--32 
V32—xt 
Now f’ (x) = 0 when —2x?--32 = 0, і. e., when Х--- 4. 


Thus there are two candidates forlocal maxima and minima. We must find 4 


at these points to determine which is which, if at all. We have 


_(—2%)_ 

4/32 = x8 (—4х)—(—2х%+32)5-_ ук; ALS 

AE (32 = x3)? 
2.—16 
—4x 4/32 = x2 = х2— == 
TW 32—x2 
7 = 4 

Clearly, f" © ч = --4 and f 01, e 


Thus, f(x) has a local maximum at x—4 and a local minimum at x— — 


Example 2 : Find the local maxima and local minima of | 


y-sin x 
for all real x. 
Solution : We have 
y=sin × 
dy _ 
Thus, 7 ОТЫ x 


Now, cos x=0 when х= 8 nr, where n is an integer 
, < 
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i лэ = SIN 
Now, acm : 
а?у 
: ry Sap = = ТА 
_ We see that 1 з 
х Э® 
JOUET 
dy э деч d*y NE 
ERE Оа? 
| 35 — IR 
x= Em = Ба: : 
а?у A DE TL =) 
uE dx > тун etc and at x = 


р < 1 . 
<0 at х= nz- 7 where р is an even integer, 


Hence y—sin x has local maxima at х= 


л А А 
“UR ете ИЛЗ ап even integer. Each 


of the local Maximum values 15712 (Why ?) 


Similarly, we сап Show that }=sin x has loca] minima at X= + 27 where n is an 


odd integer, Each of the local minimum value 


Sis —]. (Why 7) 
Ехатрїе 3 : Find the local minima of f(x) =x4 for all re> 


Solution : We have 


F(x)=x4 
Thus, /'(х\=4хз 


Now, /'х)=0 when x— 0. We find 


f" (x) = ду? 


At x=0, F"(y) 9. 


We see that F(X) is nei 


19 tell us anything about local minima. However, усх). 
Thus, by WRI. х Ois the Point of mini 


well. (Why ?) 


WRS, therefore, fails 


v 


Ea 


MAXIMA ÀND MINIMA 


Remark 1: WRS5 and WR4 are sufficient but not necessary m the sense thai 
there may be points of local maxima and local minima which can not be found by the use 


of these rules. 

Remark 2 : It should be clear that WR4 and WRS can also be used to find the 
points of maximum and minimum, respectively. Ifa function is defined and continuous 
on a closed interval J of the type a<x <b, then we find the local maxima and minima by 
WR4 and WRS and check the function-values at the end-points as well. 


We consider some examples. 


Example 4 : А cannon is fired at an angle 0 (о<е « i) with the horizontal. 


If v is the initial velocity of the cannon ball, the height A of the ball at time г, ignoring 
wind resistance, is given by 
h=(v sin 0)1—4.9:2 


(a) When will the ball return to the ground ? 


How far will the ball have travelled horizontally at the time it hits the ground, 
assuming there are no forces in the horizontal direction ? 


(b) 


Determine 0 so that the horizontal range of the ball is maximum: 


(с) 


Solution : (a) When the ball returns to the ground, clearly /1—0 


vt sin 6—4.9 (2--0 


Ше 

ог, цу sin 0—4.9t)=0 
y loner у sin 8 

Thus, ОРОГ TAO) 


ysin Û А 
Clearly 0. Thus the ball will return to the ground after gg units of time 
it was fired. 
o wind resistance and there are no forces.in the horizontal 
ely clear that the horizontal component of the velocity 
he horizontal distance travelled by the ball in 


(b) Since there is n 
direction, it is intuitiv 
is v cos В all through. Thus. t 
t units of time is 


(v cos 8)! 
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when it hits the Bround, then the horizontal distance travelled is 


— _¥ sin 0 cos 0 
(v cos 8) = 
Ї v sin 6 


Let us denote this distance by R. 


© 
(i) We wish to find 0 50 that R, as a function of Û, is maximum. We have 
» sin 8 cos 6 у sin 20 1 
к= о oR 2 
dR cos 2 9 
S ne ы fag ee 
dR у т т 
"dg ^ 9 When cos 20--0, But 6 is in 0 <0< 797 thus cos 20—0 when Бу 
d*R сж л 
Next we find 7292 and see if it is maximum forge We have 
d2R 292 sin 20 
МӨН Өг 
2 ШОН ats 
il 2э-2у | 20 
== =, اا‎ 
0= 2 0 4 
$ 
Thus, R is maximum when 9— 7. In other words 


Des 


2 
Г- 
5 
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16 


1 


Local maximum value = f (x) ЇЁ 4 


Locai-minimum value =f (x) 188 LA —16 


We then check the function-values at the end-points. We have 


fil) = ST 


A ав 
ved f(s) = 5У7 

Яо We see that f(5) <J (4). Thus x—4 is the point of maximum and the maximum 
х d A 16. Similarly we see that x= —4 is the point of minimum and the minimum value 
EXERCISE 26.3 

xima and local minima, if any, 
1 maximum values and local minimu: 


Find the points of local ma of each of the following 
m values. 


functions. Find also the loca 
1. f(x) = x8—6x?+9x+15, 0 <x<6 
2. f(x) =@-) (x2) 
те сш 
22-45 Пр х>0 
а SG) EE 
х2+2 
5. у= у х? —4, x>0 
6. yox 1-5» хє! 
т 
7. fo) sintx--cos* х,0< xX <a 
ul 
8. yssin2x—*^ — + < ху 
2 2 
9, = x x20 
NEN UL «4 
10. y*6-1) ca) 
= 0<х «2 


11. JES 
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12. Find the local maximum and local minimum values of 
1 
3 
væ=(x-+1)(x+2) 
WSA, 


13. Determine two positive numbers Whose sum is 15 and the sum of whcs> 
Square¢ is minimum. 


^14. А wire of length 28 m is to be Cut into two pieces. 
made into a square and the other into a circle, Where should 
combined area is minimum? 


One of the Pieces is to be 
the wire be cut so that. 


[Hint: Let x metres be made ‘into a circle ang (28 — x) metres into a square. Then 


; : ох Эн Ж s 8—x 
the radius of the circle is DP and a side of the Square is — — _ ] 


266 Key Concepts 


ИГ 2-2 a 1га 


The point of maximum Extreme Value Theorem 


The point of minimum Points of local maxima and minima 


The maximum value of a function Second derivative of a function 


The minimum value of a function 


26.7 Suggestions for Further Reading 


Any standard te Xt book on Calculus will h 


avea chapter on + 
The reader is referred, for instance, to |1] Section 


maxima and minima’. 
18.7, [1] Section 21.9. 


A rigorous treatment of maximum and minimum Probl, 


8а наре, advanced 
level. ах given in 


[1] J L: Walsh: А Rigorous Treatment of Maximum-Minimum Problems in the 
Calculus 


D.C Heath and Company, Boston, (U S A). 1962 


MISCELLANEOUS EXERCISE VI 
(On Units XXIV, XXV and XXVI) 


1. Show that Дх=х-— j is increasing for all real values of x. 


2. Prove that u(x)e mx--b, where m and 5 are constants, and т<0, isa decreas- 
ing function of x for all real x. 

3. Show that y= — 25 + 115 increasing for all real x > 0. Show also that it 

15 increasing for all real x < 0. 

1 К з { 

4. Show that Y= ~ x 41 is neither increasing пог decreasing 


in — © < х < © 
5, Determine the intervals where 


f(»=sin x—cos x, 0G х «2n 


js increasing or decreasing. 


Show that the following functions are increasing in the indicated intervals : 


6. дю = 5-02! 


7 1 
7. Ло) = х, xz 
*8. у=х p Ax! 11, for all real x. 
*9. f= sin x, 0<х < = 
(0)=0 and f’ is increasing.] 


[Hint : Show that f" 


Show that the following functions are decreasing in the, indicated interva 157 


10. Дх = т Ех = 9.21 
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d. Ду = x3 + px + 1,* >0 
12. у= 4, х< 0 


13. fo) E ‚<х<1\1 


Determine for which values of X. the following functions are increasing and for 


which values they are decreasing : 
x3 
14. у= xt — 53% 
15. у=х*+ 3x4--2x?-- 110 


3 5 


ЛО 22 —зх^›х>0 
х-2 зай: 
17. g(x) = ET =1 
Sketch a graph of each of the following functions: 
18. f(x) = |х—3| 


19. g(x) = [x] 0€ х<3 


[x] denotes the greatest integer &x апд is called the integral pare of x. 
, 


20. у=х+ t x0 
21. fix) =x2(4x—3)+5, 0<х<1 
2-1 

XE 


22. Consider f(x) = , x #1. How should we define f(l) so that f is 
continuous ? : 
823, Discuss the continuity of f(x) = [x], 0« x«3. 


2- : 
24. Prove that fo x = : is continuous at x=0. 


ё 


pe 
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| мин +cos X 
25. Prove that g(x) =, 822520 
x=0 


_ is continuous at x=0. 


Evaluate the following limits : 


А cos (54-х) — 008 (5 = х) 


26. 
х0 
: хау ід 
27. Lim sin( 12-35) sin(1—2?) 
x0 
sin уЗ 
du E уы ш 
y>? y 
tan t 


H Оту! 
29. Vim (p rint 


0. Is the function 
ча T tag 


fe- 
| 520620 х==0 


w 


0? Give reasons for your answer. 


continuous at X-- 
derivative of each of the following : 


Use the delta method to find the 
31. cos x? 


32. sin 3x 
Find the derivative of each of the following : 


tan X 
п х2— тта 
33. sin х2— үх? 


34. 5 соѕес2х+5 cot х2--5Х 
35. (tan yx+x — sin x)? 


p 
36. N sec: х—1_ 
sec xl 


240. 
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Find the value of the derivative of each of the following at indicated point(s) : 
37. sin 2x+cos3x, х=0, E 
38. sinx24(1—x2) cos x2, х= Nz E 


- = 2 
39. (cot Vx +5 sin? Vx +5x)%, x= T 


Fina 5, for each of the following : 
40. усогх--у tan x+ sin x=0 
41. y sin y—cot x+xy?=5 
42. (1—)?) sin y+tan y=5x 
Find the equation of the tangent to each of the following at the indicated point : 


43. y=tanx+ sec х, х= = 
544, y?sinx = 9, х= = 


45. ycotx—j?tanx, x= z 


Find the equation of їйе normal to each of the following at the indicated point : 


46. y = sin 2x+5 cosx, х= T 


a 


47. x? tan y=cot у, y= 4 
48. x? sin y—y? cosx+4=6, x=0 


Fina the points of maximum and minimun; of each of the following : 


49. у=х(1+10х--х2), 3x <9 
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i 


51 уе(х-17 (4-2. ا‎ <9 
82. y=v 5 (sin х- 1 cos 2. 0.04х« 1 


e83. For a given curved surface of a right circular cone when the volume is maxi- 
а mum, prove that the semi-vertica] angle is 0 where sin 8- TER 
84. When does the tangent to = 
Д\х)=х%—6х%+9х+4 
have the maximum slope in 0€ x<5 ? 
65, The combined resistance, R. of two resistors is given by 


Л. Sy alee НЕ 
Ree R^ R: 


where Ri and Re are the respective resistances of the two resistors with 
RitRo=a (Ry, Re>0), where ‘a’ is a constant. Show that the maximum resis- 
tance R is obtained by choosing resistors for which Ri=Re- 


56. Determine two positive numbers whose sum is 30 and whose product is the 
maximum. 


Find the locai maximum and locai minimum, if any, of each of the jotlowing : 


эт. f(x) = х0—6252+120х+9 
; sg. Дх) = 22#—24*+107 
59. y=xv* n х2 0 
ЭЕ 
AE 579 


в Ло = +12 5 


+20 geet) = 
a jie en ee ТӨЛ» 
L ч 


» Q^ Library 4 
n e =) 
вз. f= (3—2) 2 ¥ £ z 
=. + 
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65. 


66. 


67. 


69. 


70. 
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ТО) -х34--п,/0-х-«2 


fix) = sin x—cos x, == <х<0 


The rate of a chemical reaction y, is given by the formula 
y=kx(a—x) 


where x is the amount of Product, a, is tae amount of material at the 
beginning of the reaction and k > 0. Determine the value of x for which 
the rate of chemical reaction will be the maximum. 


A projectile is fired upwards. Its height above 


the surface of the earth at time 
7 is given by 


7(1)--а2--Ы-ьс 


where a, b, c are non-zero constants and а- 0. 


Determine how high will the 
projectile travel. 


A firm has found from ex 


perience that its profit asa function of, x, the amount 
Produced, is given by 


. — y3 
P) = — + 729 X—2500, 0 < х < 35 
Find the value of x that maximises the profit. 


The rate of Working of an engine is given by 


fix) =15v 6000 9, _ 39 


where v is the speed of the engine. Determine the value of v for which the 
Tate of working is least. : 
Determine the Points on the curve 


سر کر 


which are nearest to the point (0,5) 


ИРЕГЕ 


UNIT XXVII 


THE MATHEMATICS OF CHANCEL 
(An Introduction to Probability , 


Statistics is the science of making inferences from data which are 
subject to uncertainty. A mathematical measure of uncertainty is 
probability. In this unit, we study some basic concepts of the Theory of 


Probability. 


27.1 Introduction 

In our every day life, we often hear or say phrases, such as, “Probably it will rain 
today” or "Most probably, lwillstard first m the examinaiion" or that “Odds ofa 
particular team winning are 3: 1.” These phrases involve an element of uncertainty. How 
can we measure this uncertainty ? A measure of uncertainty is provided by the branch of 
mathematics. called the Theory of Probability. WE will learn some rudiments of this theory 
so as to be able to make clear the meaning and implications of such phrases. 


The theory of probability had its origin in the lóth century. Oddly enough, it 
originated in games of chance, for instance, throwing-of dice or coins, drawing cards from 
deck or balls from an ura, etc. The first book on the subject was written by the Italian 
5 hematician, Jerome Cardan (1501-1576 A. D.). The title of the book was Book on 
mat i caus (Liber de Ludo Aleae) and it was published after his death, in 1663. 
харлан, of very poor parents. He did not gamble but played dice almost daily for 
Carian oane ат ry yo cro pr d горе оше 
s a man of versatile qualities, scholar in mathematics and physics with а degree in 
е and was а well-known physician all over Europe. 
3 A systematic study of probability, however, did not begin until the 17th century, 
made by the French mathematicians, Blaise Pascal (1623- 


ibutions were 
when к ы de Fermat (1601-1665 A.D.) and the Swiss mathematician, James 
1662 A.D. Ex 
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Bernoulli (1654-1705 A.D.) Bernoulli's book, Ars Conjectandi, also published after his 
death, in 1713, is a major contribution to the Theory of Probability and Combinatorics. 


The work done by the mathematicians of the 18th century, in particular, that of 
the French mathematicians, Pierre-Simon de Laplace (1749-1827 A.D.) set the pace for a 
tradition that dominated the theory of probability throughout the 19th century. Laplace's 


towering work, Theorie analytique des probabilities (Theory of Analytical Probability), pub- 
lished in 1812; develops what is now called the classical theory of probability. Laplace's 
writings in mathematics and sciences are prolific. His last words are said to be “What we 
know is very slight, what we dent know is immense." 


' Among the contributors in the 20th century, the Russian mathematician, A. N. 
Kolmogoroy is credited with axiomatizing the theory. His small book Foundations of Proba- 


bility, published in 1933, introduces probability, as a set-function and is considered a 
classic. 


27.2 Probability : A Measure of Uncertainty 


We turn our attention to one of the first problems that was Tesponsible for deve- 


lopment of the theory of probability, namely, that of throwing a die*. We throw** a die 
once, What are all possible outcomes ? 


Clearly a die can fall with any of its faces uppermost. The number on each of the 
faces is, therefore, a possible outcome. We write the set S, of all possible outcomes, as 


S={1, 2, 3, 4, 5, 6) 4 


The set S is called the sample space of the experiment (of throwing a die). 1, 2, 3, 
etc. are called sample points or simply, points: 


Since our die is homogeneous (unbiased or balanced ог “fair”), it is reasonable to 
assume that each outcome is as likely to occur as any other outcome in a throw of the die. 
We say that outcomes are equally likely. Since there are six equally likely outcomes in a 


single throw of a die, we say, probability of any one face, for instance, 2, coming up is 1 


T 40 
We write, Р(2) = e 


ЗА die is a homogeneous cube with six f: i 
A dicisa Ёс ix faces marked with numbers (dots) from 1 to 6, Plural of the 


word ‘die’ is dice’. 


‘We assume that the die cannot fall on its edge or rol] ауву, 
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This suggests a followin uiti 
g definition of probability. Uni. i 7 
assume that the outcomes of a sample space are Pos prt E 
Definition 8 : Probability of au event A, written as P(A), is defined* as 


Р(А) = Number of cases favourable to A 
Number of possible outcomes 


What-is the probability of the die coming up with an odd number? Since there 
? are 


3 odd numbers on the die, namely, 1, 3 and 5, we have 
B 1 
P(odd number)— — => 

( umber) 652 


What is the probability of the die coming up with a number less than 5? 1, 2, 3, and 
? 1,2, 5, an 


4 are the only favourable cases. Thus 


P(number PS) t = 


чо 


This definition of probability 18 circular in the sense that it involves 
which, in turn, involve the concept of probability. However. 
intuitive meaning of the term ‘equally-likely’ in the NT 


Remark : 
“eguaily-likely” outcomes 
we will only consider an 
described already. 


We consider some examples. 
A coin is tossed once. What are all possible outcomes ? What i 
: at is 


Example 1: 
coming up heads"? 


probability of the coin 


the 
Solution : The coin can come up either “heads” (Н) or “tails” 
set S of all possible outcomes is (T) Thus the 
s-(H, Т} 
Р(Н)=-- 
2 


could write 


*Using set-notation, we 
_ n(A) 
P(A) = (5) 


he set S (sample space), and likewise, n(A) 


ents (samp‘e points) in t 
le to the event А.) It is clear that the 


where n(S) denotes the number of elem 
ber of sample points in the set A (i.e, favourab! 
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Example 2: A die is tossed once. What is the probability of the die coming up 
with “8”? What is the Probability of the die coming up with a number <8? 


Р(а number = 8) = 00 


We say that the Probability of an impossible event is zero, 


Since every face of a die is marked with less than 8 dots (or has a number less 
than 8), it is clear that 


P (a number =. 8) = 2 нэ 


We say that the probability of a sure (certain) event” is one. 
It is clear from Example 2 that the 
fraction never greater than 1. We write 


0< P(A) <1 


Example 3: ina simultaneous toss of two coins, what are all Possible outcomes? 
Find the Probability of ‘2 heads’ What is the Probability of “exactly 1 head? 


Solution : Clearly the Coins must be distinguishable in the sense that we can 
speak of the first coin and the second coin, We have 
HH, HT, ШОТТ 
(8ее Example 2, Section 7.2, Book I) 
Thus, P(2 heads) =+ 
*2 heads’. 


Probability of an event A is a nou-nepative 


as possible outcomes. 


‚ Since only the outcome HH is favourable to the event, 


Now the event ‘exactly 1 head' is identical to the event ‘exactly 1 head and i tail’. 
ши We see that there are two 9utcomes HT апа TH that are favourable to this event. 
ence, 


2 1 
Р(е еу 1 = — = с 
(exactly head) 4 ; 
Example 4 : What is the Probability of drawing an ‘ace’ from а Well-shuffled deck 
of 52 cards ? ! 
x UC : Well-shuffied ensures equally-likely outcomes. There are 4 aces in 


13 
 *Soemctimes, wo write MOS. o EE ENS UI 01. 


a 


——— 


co 
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Exemple 5: From an шп (bag) containing 6 red and 3 black bails, a bail is 
drawn ‘at random’. What is the probability of drawing a ‘red ball’ 9 


Solution : Random drawing of balls ensures equally-likely outcomes, There are 

6 red balls out of a total of 6+-3=9 balls. Thus, 
P 6 2 
(a red ball) = 5g ues ge 

Example 6 : In a single throw of two dice, what is the probability of obtaining 
“a totul of 9 ? 

Solution :: Again the dice must be distinguishable in the sense that we can speak 
of the first die and the second die. How many outcomes are there in a single throw of 
two dice ? There.are 36 possible outcomes.- We write them below : 


1! 21 31 41 51 6i 
12 22 32 42 52 62 
B 23 33 43 53 63 
14 24 34 44 54 54 
15 25 35 45 55 65 


16 26 36 46 - 56 66 
An outcome such as “35° means ‘3 on tite first die and 5 ол the second die’ 
Clearly, it is different from the outcome 553”. 
‘Now how do we get a total of 9? We have. 3+6=9, Ыз ыра, 6--3--9, 
In other words, the outcomes 36, 45, 54 and 63 are favourable to the said event. Thus, 


1 
P (a total of 9) = = Û 


EXERCISE 27.1 


1 : i ‚ 88, d 8: with proba- 
ment results in four possible outcomes s1, Sẹ, ss an 5 А 
4 pira Po, ps and pa respectively. State which of the following probability 


assignments are not possible. Give reasons for your answers. 


=, =0.4, =0.1 
(2:702, m-03, (28-04, р 


(b) т=025, ®=035, ps=0.10, p,—0.05 
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(c) p1—04, p2=—0.2, рз=0.6, р4=0.2 
(d) p1—0.3, рг=0.6, ps=0.1, ` pa=0.1 


A die is thrown once. Find 

(a) P (even number) 

(b) Р (a number >3) 

(c) Р (a number <4) 

(d) P (a number <7) 

(e) P(a number more than 6) 

In a simultaneous toss of two coins, find the probability of 
` (a) 2 tails 

(b) exactly 1 tail 


(c) no tails 


A card is drawn at random from а well-shuffled deck of 52 cards. 


probability of 
(a) aking 
(b) a heart 
(c) а seven of heart 
(d) a jack. queen or a king 
(e) atwo of heart or diamond 
(f) a black card 
Three coins are tossed once. 
(a) Wirite the points of S. 
(b) Find the probability of 
(i) 3 heads 
(ii) exactly 2 heads 


*(iüi) at least 2 heads 


Find the 


56. 
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*(iv) at most 2 heads 
(v) no heads 
Four coins are tossed once. There are 16 possible outcomes, for instance 
HHHH, HHHT, HHTH, HHTT, etc. Find : 
(а) Р (4 tails) 


(0) P (exactly 3 tails) 
(COME (exactly 2 tails) 
(d) P (atleast 1 tail) 
marbles, one is drawn at random. 


From a bag containing 7 red and 5 black 
What is the probability of the marble being black 2 


r 


An urn contains 9 red, 7 white and 4 black balls. A ball is drawn 2t random. 


What is the probability that the ball drawn will be 
(a) red? 
(b) white ? 
*(c) red or black ? 
(d) white or black ? 


*(e) not réd ? 


A bag contains 3 red balls each. bearing one of the numbers 1, 2 and 3; and 
fthe numbers 4 and 6. A ball is drawn, its 


2 black balls each bearing one o 
number is noted and the ball is replaced in the bag. Then another ball is 


drawn and its number is noted. 

(a) Write the points of S. 

(p) Find the probability of drawing 
(i) 208 the first draw and 6 on the second draw 


(i) a number < 2 оп the first draw and 4 on the second draw 


(i) а total of 5 
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10. Ina single throw of two dice, find 
(a) P(odd number on the first die and 6 on the second) 
(b) P (a number >4 on each die) 
*(c) P (a total of 11) 
*(d) P (a tota! of 9 or 11) 
*(e) P (a total 298) 
27.3 Two Fundamental Theorems of Probability 


Writing down the elements of S and counting the number of favourable cases often 
proves tedious in practical problems. For instance, if we Were to draw 2 cards, replacing 
one before the second is drawn, there would be 52x 52—2704 Sample joints. Or in three 
tosses of a die, there would be 6x 6x 6=216 sample points. To write them is a formi- 
dable task and very often unnecessary. We Study two tundam 

Which will greatly facilitate computation of probabilities such experiments. Before, 
however, we do 50, We make the following definition. 


Deünition 9: Two events 
one precludes (rules out) the sim 
mutually exclusive events cannot occur Simultaneously, 

It is clear from the definition, therefore, that if A and В are mutually exclusive 
events, then P(A and Ву--0. 


Can you think of Some examples of mutually exclusive events ? The event of 
“getting an odd number’ and the event of "getting an even number' on a throw of a die 
are mutually exclusive, 


We state now an important theorem that tells us that the Probability of one or the 
other of two mutually exclu, 


Sive events is the sum of their Separate probabilities, 
Theorem 27 : If A, B are two mutually exclusive events, then 
P (A or B) — P (A) + P (B) 


The proof is rather simple, Clearly, the number of cases favourable to the event ‘A or B' 
is the total of the number of cases favourable to the event ‘A’ and those favourable to 
the event ‘B’, 
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We consider some examples. 


Example 1: In a single threw of two dice, find the probability of a total of 
Sor 11. [See also О. 10(d), Exercise 27.1] 


Solution: Clearly, the events а tota! of 9 and a toral of 11 are mutually 


exclusive. (Why ?) ` 
ә 
Now, P (a total of 9) == Р (36, 45, 54, 63) = - = E 
ч 2 M 
And, P (a total of 11) = P (56,65) = == 55-22 
36 18 
Thus, Бу Theorem 27, 
P (a total of 9 or 11) = P (a total of 9) + P (a total of 11) 
CONUM БЕКА 
REDONDA КИЇВ a 
Example 2: The probabilities* that a student will receive an A, B, Cor D 
grade are 0.30, 0.35, 0.20 and 0.15 respectively. What is the probability that а student 
will receive at least a B grade ? 
Solution: The event ‘at least а B grade’ means that the student gets ‘either a B 
grade or an A grade’. 
Ф 
Thus, P(at least a B grade) = Р(В grade) + P (A grade) 
" ; = 0.35 + 0.30 


= 0.65 


Example 3 : Prove that the probability of the non-occurrence of an event ‘A’ is 
1—P(A) ie. 
P (not А) = 1—P (A) 


* To be able to apply Theorem 27, it is not necessary that the events be equally likely- 
o be 
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Solution: We recall from Section 27.2 that the probability of the sample space S, 
in any experiment, is 1. 


Now it is clear that, if inan experiment an event 4 occurs, then the event not А 
cannot occur simultaneously, i.e., the two events are mutually exclusive. Also, the sample 
points of the two events together constitute the sample space S. 


Thus, P(A or not 4) = P(S) = 1 

ie., P(A) + P(not А) = 1 

Thus, P(not A) = 1 — P(A) 
which proves the result. 


Example 4 : Find the probability of the event at least I tail- if four coins are 
tossed once. (See also Q, 6(d), Exercise 27.1] 


Solution : P(atleast 1 tail) = P(1 or 2 or 3 or 4 tails) 
= |—P (0 tails) = 1—P (HHHH) 


ces шы 


ds. 
16 16 


Remark : We could have computed P (1 tail), Р (2 tails), P (3 tails) and 


Р (4 tails) and found their sum to obtain P(at least 1 tail). However, as is clear, that 
would have been much tedious. 


What if the events are not mutually exclusive ? For instance, how would we find 


the probability of getting either a king or a heart from а well-shuffled deck of 52 cards Ў 
Clearly, the two events, a king and a heart are not 


mutually exclusive since the outcome 
a king of heart is favourable to both the events. 


We state below a theorem to find the probability of two'such events. 
Theorem 28: If A, B are any two events, then 

P (A or B) = P (A) + P (B) — P (A and B) 
The proof is left to the reader as an exercise. 


Ep f 
Remark: We often refer to this theorem as the (General) Addition а ыа 
Probabilities. It is clear that when 4, B are mutually exclusive events, Theorem 
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falls through as a special case of Theorem 28. Theorem 27 is often called the (Special) Addi- 
tion Theorem of Probabilities. 


We now return to our example of drawing a king or a heart. We have 


P(a king or a heart) = P(a king)+P(a heart) —P(a king and a heart) 


; We consider some more examples. 


Example 5: Two dice are tossed once, Find the probability of getting ‘an even 
number on the first die or a total of 8’. 


Solution: P(even number on first die or a total of 8) 
— P(even number on first die) + P(a total of 8) 
— P(even number on first die and a total of 8) 


= рэт, 22, 23, 24, 25, 26, 41. 42, 43, 44, 45, 46, 61, 62, 63, 64, 65, 66) 


+ P(26, 35, 44, 53, 62) --Р(26, 44, 62) 


The Addition Theorem necessitates the calculation of probabilities of events, such 
as, ‘A and B'. It is not always practical to enumerate the outcomes favourable to 
such events and hence Compute their probabilities. Can we have some easier method 
of computing these probabilities? Before we give a method, we make the following 
definition: 


Definition 10: Two events A, B are said to be independent* if the occurrence 
or non-occurrence of one does not affect the probability of the occurrence (and hence 


non-occurrence) of the other. 


А 


*Often students make a mistake in defining independent events. They drop the key word, probability of 
the occurrence of the other: Simply saying that the occurence of one event does not affect the 
occurrence of the other is not independence in statistical sense- 
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оп think of some examples of independent events? The event of getting ‘H’ 
first = ге the event of getting ‘T’ on the second coin in a simultaneous throw of 
wu m are independent. What about the event of getting *H' on the first throw and 


event of getting “Т” on the second throw in two successive throws of a coin? They are 
also independent. 


Can you think of some examples of events that are not independent"? "d 
event of ‘drawing an ace’ and the event of “drawing a king’ in two successive ST x 
card, without replacement. from a well shuffled deck of 52 cards, are not indepen =a 
(Why?) Supposing we draw an ace in the first draw. Then the first event has ae 19 
we do not raplace the card. It affects the probability of drawing a king in the second dra 
rather than =. the probability of a king in the second draw is 


51 


Remark: 1f the cards are drawn with replacement the two events become 
independent. 


We state now, without Proof, an important theorem to find the probability of 
simultaneous occurrence of two independent events, 


Theorem 29 : If A, B are independent events, then 


P(A and В) >-Р(А)Р(В) 


In words, the probability of simultaneous occurrence of two independent events is the 
product of their separate probabilities, 


We consider some examples. 


Example 6 : A die ist 


08564 twice. Find the Probability of “а number greater than 
4 on each toss’. 


Solution : Let us denote by A, the event ‘a number 
by B, the event ‘a number greaser 


greater than 4 on first toss’ and 
than 4 on the second toss? 


Clearly, A and B are independent. ( Why ?) 
Thus by Theorem 29, 


7 опе authors call such events dependent. 
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Р(А and B) 


Р(А) P (B) 
Р(5,6)Р(5,6) 
2 2 


—х— 


6 6 
1 


9 


1 


Example 7: A husband and wife appear in an interview for two vacancies in the 


same post. The probability of husband's selection is T and that of wife's selection is 25 


What is the probability that 
(a) both of them will be selected ? 
(b) only one of them will be selected ? 
(с) none of them will be selected ? 
Solution : We let A : husband is sclected. 
B: wife is selected. 


Clearly, ‘A’ and *B' are independent. Also ‘A’ and ‘not В: are independen! ; 
and ‘not A’ are independent ; “по! A’ and ‘not В’ are independent. 


(a) P(A and B) = P(A) P(B) 


epi LE miL 
FT, SES 


(b) P(only one of them will be selected) 
= P(‘A and по! B' or ‘B and not А”) 
= P(A and not B) ! P(B and not A) (Why ?) 
= P(A) P(not B) + F( B) P(not A) 
= Р(А)[!—Р(В)] + P(B) (1 —P(A) | 
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(с) P(none of them will be selected) 


1. 


State which of the following events are mutually exclusive. 


1 


P(not А and not B) 


=  P(not A) P(not В) 
6.4 24 
DEES CEL 


EXERCISE 27.2 


Give reasons for 


your answer. 


(а) A: a totalof 8, В: a total of 12, in a single throw of two dice. 


(b) 
(c) 
(d) 


(e) 


(f) 
(g) 


А : a red card, В: an ace, in a draw of a card from a deck. 


A : a mother, В: a woman, in Selecting the President of a ladies club. 


A: owns a house, B: owns a T.V. set 


‚ in getting a response from an 
individual selected in а survey, 


А : a total of 8, B: an even number on one toss in two successive tosses 
of a die. 
A: 2 heads, В: at least one head, in two Successive tosses of a coin, 


A : а total of 11, В: an odd num 


ber on each die, 
of two dice. 


ina simultaneous throw 


In a single throw of two dice, find P (a total of 8 or 12). 


In a simultaneous throw ОЁ two dice, find P 


(A or B) if A denotes the event 


‘a total of 11’ and B denotes the event ‘an odd number on each die’ 


A card is drawn from a well-shuffied deck of 52 cards. 
of drawing 


К Find the probability 


(8) a black king 


(b) a jack, queen, king or ace 
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(c) a card which is neither a heart nor a king 
(d) aspade or a club 
A and B are two events such that P (A)=0.42, P (B)—0.48 and 
P (А and B)]— 0.16. Determine 
(a) P (not A) 
(b) P (not B) 
'(c) P (A or B) 


In a single throw of three dice, determine the probability of getting 
(a) a total of 5 
*(b) a total of at most 5 
*(c) a total of at least 5 
State which of thefollowing events are independent. Give reasons for your 
answer. 
(а) A: 2 heads, В: 2 tails, in two successive throws of a pair of coins. 


(b) A:ablackcard, B: a red card, in two successive draws of a card 
without replacement, from a deck. 


(с) A:aneven number, B: an odd number, in two successive throws of a 
die. 


(d) А: getting a total of 11, В: getting a total of 11, in two successive throws 
of a pair of dice. 

In a single throw of two dice, determine the probability of getting 

(а) atotal of 2 

(b) a total of 12 

(c) atotal of 7 or 9 


In two successive throws of a pair of dice, determine the probability of getting 
a total of 8, each time. 


10. А соіп is tossed successively three times. Determine the probability of 
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п. 


13. 


14. 


15. 
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getting 

(a) exactly 2 heads 
(b) atleast 2 heads 
(c) at most 2 heads 


Given two independent events А, B such that P (A)=0.30 and Р (B)—0.60. 
Determine 

(a) P(A and B) 

(b) P (A and not B) 

(c) P (not A and B) 

(d) P (neither A nor B) 

(e) P (A or B) 

A card is drawn from a well-shuffled deck of 52. cards. The outcome is noted, 
the card is replaced and the deck reshuffled. Another card is then drawn 


from the deck. What is the probability that the first card is an ace and the 
second card is a red queen ? 


Ina single throw of two dice, find the probability that neither a doublet 
(same number on both the dice) nor a total of 9 will appear. 


An urn contains 25 balls numbered | thro 
15 considered a ‘success. Two balls аг 
Find the probability of getting 


ugh 25. Suppose an odd number 
e drawn from the urn with replacement. 
(a) two successes 

(b) exactly one success 

(c) at least one success 

(d) no success 


An urn contains 7 red and 4 blue balls. Two balls are drawn at random with 
replacement. Find the probability of getting 

(a) 2 red balls 

(b) 2 blue balls 


(c) one red and one blue ball 
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16. A die is thrown 3 times. Getting a “5 ог a 6' is considered a success. 
Find the probability of 


(a) 3 successes 
(b) exactly 2 successes 
(c) at most 2 successes 


(d) at least 2 successes 


17. Two coins are tossed simultaneously. Complète the following table : 


Number of Heads : 0 1 2 


Probability 


18. Three coins are tossed simultaneously. Complete the following tabie : 


Number of Heads : 0 1 2 3 


Probability 


19. Four coins are tossed simultaneously. Complete the following table : 
————— 


Number of Heads : 0 1 2 3 4 
хил гэл 
Probability 


20. Two dice are tossed simultaneously. Complete the following table : 
Total number of points : 2 3 4 5 6 7 8 9 10 и 12 


Probability 
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27.4 Key Concepts 


Sample space Mutually exclusive events 


Sample points Р(А or B) 

Equally likely outcomes P(not A) 
Probability of an event Independent events 
Probability of an impossible event “P(A and B) 


Probability of a sure (certain) event 


27.5 Suggestions for Further Reading 


Practically every textbook in Statistics has an introductory chapter on probability. 
The reader is referred to 


[1] H.L. Alder and E. B. Roessler: Introduction to Probability and Statistics, 
Sixth Edition. 


W.H. Freeman and Company, San Francisco (U.S.A.). 1977. 


[2] D. H. Sanders, etc.: Statistics—A Fresh Approach. 
McGraw Hill Book Company, New York (U.S.A.). 1976. 


A set-theoretic approach to basic concepts in probability is given in 


[3] John E. Freund: Modern Elementary Statistics, Third Edition. 
Prentice-Hall, Inc., New Jersey, (U.S.A.). 1967. 


An excellent treatment of axiomatic approach at rather advanced level, is found in 
, 


[4] А. №. Kolmogorov: Foundations of Probability, Second English Edition. 
Chelsea Publishing Company, New York (U.S.A.). 1956. 


A detailed history of the theory of Probability from the tim 
e of P 
Laplace is given in a reprint of 1865 Cambridge Edition of й get dp. that. of 


[5] I. Todhunter: A History of the Mathematical Theory of Probability. 
- Chelsea Publishing Company, New York (0.8.А.). 1949. А 


UNIT XXVIII 


RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS 


We introduce the notation of a (discrete) random variable and its 
probability distribution. We learn how to find the mean and variance 
of a probability distribution. 


28.1 Introduction : Discrete Random Variables 


Let us return to the origins of probability. A player of a game of chance was not 
really interested in the probability of each outcome of a game. His main interest was in 
studying the probability (or chances) of his ‘winning’ in a particular game. 


Consider, for instance, the game of rolling a die. If the rules of the game say that 
you make money every time you roll, say, а ‘6’, your interest would be to know the pro- 
bability of rolling а ‘6’ as against the probability of rolling a *non-6' (1, 2, 3, 4 or 5).on 
this dic. Rolling a ‘6’ is, therefore, a success to you. 


Or, if you were tossing two coins simultaneously and if the rules of the game say: 
that you make moncy on the ‘number of heads that turn up’. then the occurrence of this 
event is a success to you and aaturally, you would be interested in the probability of say ‘2 
successes’ or “1 success’, etc. E 


Getting a 6 in a toss of a die, the number of beads in a simultaneous toss of two 
coins are examples of what we call* discrete random variables, 


Some other examples of 
random variables are 


(i) the number of sixes in a toss of 2 dice, 
(ii) the number of aces in a draw of 2 cards from a well-shuffled deck, 
*In this unit, we will study discrete random variables only, We will simply call them random variables, 
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(їй) the number of black balls drawn from an urn containing 6 red and 4 black 
balls when, say, 3 balls are drawn from this urn, without replacement, 


(iv) . the number of tails in 3 tosses of a Coin or in a simultaneous toss of 3 coins, 


(v) the number of defective bulbs in a lot of 30 items w 


portion of defective bulbs when, say, 


4 bulbs are drawn from this lot, 
etc. 


Can you think of some more exam 
of these events involves an element of uncert 
ture. In the next section, we shall see how. 


ples ? It is intuitively clear that the occurrence 
ainy and thus probability enters into the pic- 


28.2 Probability Distributions 


We denote random variables b 


у capital letters, usually, from the last part of the 
alphabet, for instance, X, Y, Z, etc. 


Let us consider the simple example of throwin 
die is thrown once. We have already remarked that * 
in the rules of this game and th: 
are the possible values of X ? 


B adie and let us suppose that the 
getting а 6^ is considered a ‘success’ 
at it is a random variable. Let us denote it by X. Then what. 


Clearly X can take the values 0 or 1. 
(success) or a non-six (failure). If it is a 6, 
takes the value 0.] 


[A throw of a die can result in either a 6 
X takes the value 1. If it is a non-six, X 


Assuming that the die is ‘fair’, what is the probability of each of these events ? 
It is rather easy to see that 


P(X=0) = P(non-six) = 2 
PX=) = M6 = Û 


Thus X takes the value 0 with Probability t and the value 1 with prebability 


i We write this as follows : 


hich contains а certain. 
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We observe that each of the probabilities is a non-negative fraction (never greater 
than 1) and that their sum is 1. We say that the above is the probability distribution of the 
random variable X or simply, the probability distribution of X. 


We consider some more examples. 


Example 1 А (fair) die is tossed once. If the random variable is ‘getting an 
ә even number' (denote it by Y), find the probabilitv distribution of Y. 


Solution : Either we get an even number or we do not get an even number, when we 


F toss a die once. Thus, it is clear that Y takes the values 1 or 0. Now, 
Р(Ү--1) = P(2, aor&) = -L 
2 
Р(Ү--0) = P(13 or 5) = > 
which is the required probability distribution of Y. We could just as well write it in the 
form of a table as 
ve 0 1 
Ace 1 1 
PY 2 э > 
Again, we observe that each of the probabilities is a non-negative fraction (never 
8 greater than 1) and that their sum is 1. 
Example 2 : Find the probability distribution of X. the number of heads. in the 
si two tosses of a coin (or a simultaneous toss of two coins). [See also Q. 17. Exercise 27.2] 


Solution : What аге the possible values of X? Clearly X can take the values 
0,1 or 2 

Now, Р(Х--0) =  P(no heads) 
=  P(Tails on the first toss and Tails on the second toss) 


=  P(Tails on the first toss) P(Táils on the second toss) 


up СИ аг. 
23521428 4 
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P(X=1)=P(1 head)= P(HT or TH) 
P(HT) + P(TH) 


Ш 


zw NT 
"pus ro SI 


P(X=2)=P(2 heads) - (HH) + 


= 


Thus, we have Хо: 0 1 2 


2 


1 i 1 
Р EC нй XH 
(X) T T +> 
NI > 
Again, we observe that each of the Probabilities is а Don-negati А 
greater than 1) and that their sum is 1. Bative fraction (never 


. Remark : It is clear that the probability distribution of the М 
in the two (05565 of a coin is the same as above. number of tails (Y) 
Example 3: Find the Probability distribu 


tion of Z, the пш : 
: i ^ mber of « , 
105565 of a die (or a simultaneous toss of two dice). Of ‘sixes’, 


in two 


Solution : Clearly the Possible values of Z are 0, 1ог2 
bability of a ‘six’ on a toss of a die is — ang that of a * SUM. 5 Recall that the pros 
Шу of a 6 а ‘non-six is ЄС Thus 
Р(2--0) = P(non-six and non-six) 
= P(non-six on the first toss) P(non-six on th 


5 5 25 


— x > = 


6 6 736 


е Second toss) 


1 


P(Z=1) = P(non-six and a six) + P(a six and non з) (Why?) 
= P(non=six) P(six) + P(six) P(non.six) ? 
TEMOR UE DAC өс: 10 
P(Z—2) = P(sixand six) = PC six) р sx) = 1 A 
GNE EE 


36 
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Thus, we have 


Zs 9 1 2 
22000925 10 1 
Р(2) . 3867 “36: 36 


Again, we observe that each of the probabilities is a non-negative fraction (never 
greater than 1) and that their sum is 1. 
A ‘success’ is ‘getting an odd number’ on 


Example 4: А die is tossed twice. 
each toss. Find the probability distribution of the number of successes, 5 


Solution: Clearly S can take the values 0, 1, or 27 


Now, P(S in one toss) — P(1,3,5) — 4 - + 


P(not S in the same toss) = P(2,4,6) = + 
Thus, P(S=0) =  P(not S and not-S) 


1 
x Sy 


2t 
2 


P(S=1) P(S and not-S) + P(not-S and S) 


P (S=2)=P (S and S)= 4x = 4 


Thus, we have 
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Again, we observe that each of the probabilities is а поп-пе 


gative fraction (never 
greater than 1) and that their sum is 1. 


Example 5: Two cards are drawn successively, 


with replacement, from а well- 
shuffled deck of 52 cards. Find the probability distribution of the number of aces, 


Solution: The number of aces is a random variable, 


Let us denote it by X. 
Clearly X takes the values 0, 1 or 2. 


Р (Х=2)==Р (ace and an асе)--Р (ace) P (ace) 


Р (Х--1)--Р (ace and а поп-асе)--Р (non-ace and ап асе) 


4. 48, 48 4 M 
yp Ey EET, 


0) Id 


Р (Х=0)= Р (поп-асе and a non-ace) 


Thus, we have 


2,08 0 1 2 
SSS MUT 
TE 24 


етл т eS 
Again, we observe that each of the probabilities is а поп-пераНуе fracti 
greater than 1) and that their sum is 1. on (never 


Example 6: Two cards are drawn simultaneously 
ment) from a well-shuffled deck of 52 cards. 
number of aces. 


(or Successively, 


: Without z 
Find the Probability dist replace 


Tibution of the 


Solution: We again let X denote the number of aces. 


0, 1 or 2. X takes а value 
Now, P (X=2)=P (both aces) =» 
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P(X=1) = P (one ace)= P(one ace and one non-ace) 


__ C(4,1)x C(48,1) 
У2887:60(52:2) 


4x48 | 32 
(529 275221 


P (X—0) --Р (both non-aces “5 


48x47 _ 188 


5252:5172:5221 


Thus, we have 


Again, we observe that each of the probabilities isa non-negative fractiem (never 
greater than 1) and that their sum is 1. 


*Example 7 : Five defective bulbs are accidentally mixed with twenty good ones. 
It is not possible to just look at a bulb and tell whether or not it is defective. Find tbe 
probability distribution of the number of defective bulbs, if four bulbs are drawn at 
random from this lot. 


Solution : Let us denote by X, the number of defective bulbs. Clearly X can 
take a value 0, 1, 2, 3 or 4. 2 
Now, Р (X=0)=P (no defective bulbs)—P (all 4 good ones) 


..CQ04) 20x19x18x17 _ 969 
= CQs4) 25x24x23x22 2530 


P (X=1)=P (1 defective and 3 good ones) 
С (51) C (20,3) 1140 


SS‏ ے 


С (25,4) 2530 
P (X=2)=P (2 defectives and 2 good ones) 


. C(53)xC (20,2) 380 
а COAT 242530 
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Р(Х--3)--Р (3 defective anu 1 good ûne j = € G3) C (0.1) RN =, 


ved}: = CGA) _ 1‏ و 
Р (X=4)=P (il + defective у: С(25.4) 3519‏ 
Thus, we have t‏ 
ЦК‏ سك 
X: 0 1 Dyas 4‏ 
px), 269 1140 380 4 |‏ 


2530 2530 2530 2530 2530 


Again, we observe that each of the probabilities is a 


i non-negatiy i 
gxcater than 1) and that their sum is 1. €galive fraction (never 


We see that the probability distribution of a random variable X ТЭРГЭЭР 
total probability of 1 is distributed over several values of the random variable. It n: : ын а 
tive to represent the probability distributions graphically, We пея "а | © instruc- 
random variable on the x-axis and probabilities on the y-axis. At MR мн of the 
random variable, we draw а segment, parallel to the y-axis, with its length i of Ms 
corresponding probability. We draw below graphs of some of the robabili Ро Ае 
that we have considered in our examples. Probability distribution; 


P(Y) 


1 


545 - =з, 
© VE ее 


Y 


Fig. 28.1 : Graph of the Probabili 


Ор distisburs 
of Y in Example 1, Section 28 ^ У Cistribution 


° 


+ 
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Number of heads 


Fig. 28.2: Graph of the probability distribution of the 
number of heads in two tosses of a coin 
(Example 2, Section 28.2) 


Number of sixes 


Fig, 28.3 : Graph of the probability distribution of the 
number of sixes in two throws of a die 
(Example 3, Section 28.2) 
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1140 
2530 


0 1 2 - 3 4 х 


Number о! defective bulbs 
Fig. 28.4 : Graph of the probability distribution of X 


in Example 7, Section 28.2 
EXERCISE 28.1 
1. Give three examples of discrete random variables. 


2. State when it is not possible fora random variableto have any ofthe following 
probability distributions. Give reasons for your answer : 


(a) хе 1 2 -1 
P(X): 04 04 0.2 
(b) X: -2 -1 0 1 2 
P(X): 041 0.5 0.2 —0.1 0.3 
(с) Ү: 0 ° 8 
PLY): 0.6 0.4 0.2 
aa | зы ЛЖЛЛЫГ ЛЭН 
Р(7):5 03 0.2 0.4 0.1 
о о оТ 77, 22 
Р(0): 0.6 0.1 0.2 


Find the probability distribution of the number of successes in two tosses of 
adie, where a success is defined as ‘a number greater than 4’. Sketch its graph- 


л» 


9. 
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Find the probability distribution of the number. of sixes in three tosses of a die 
and sketch its graph. 
Three cards are drawn successively, with replacement, from a well-shuftled deck 


of 52 cards. А random variable X denotes the number ofspades in the three 
cards. Determine and sketch a graph of the probability distribution of X. 


Find the probability distribution of the number of doublets in four throws of 
a pair of dice. 


Sketch a graph of the probability distribution of Y in two throws of two dice, 
where Y represents the number of times a. total of 9 appears. 


An urn contains 4 white and 3 red balls. Find the probability distribution of 
the number of red balls in three draws, with replacement, from the urn. 


Two cards are drawn without replacement from a well shuffled deck. Deter- 
mine the probability distribution of the number of face cards (Jack, Queen 


King and Ace). 3 


Two bad eggs are mixed accidentall? with 10 good ones. Find the probabi. 
lity distribution of the number of bad eggs in3 drawn at random, without re- 
placement, from this lot. Sketch a graph of the probability distribution. 


28.3 Mean and Variance of Random Variables 


The reader should see a striking resemblance between probability distributions and 
frequency distributions. As remarked already, a probability distribution spells out how a 
total probability of 1 is distributed over several values of a random variable ; while a fre- 
quency distribution spells out how a total frequency of nis distributed over several classes 
(i.e., over class-marks of respective classes). 


It is, therefore, easy to devise formulae for computing means and variances of 
probability distributions. We first learn how to calculate the mean, 


28.3.1 Mean of a Random Variable 


We recall that in finding the mean of a frequency distribution. we summed the 
products of class-marks and corresponding frequencies and divided the sum by the tota! 
of frequencies. We accordingly define the mean of the probability cistribution of a SM 


272 MATHEMATICS 
variable. We denote the mean by и, values of X by x,, xs, xs, etc. and the corresponding 
probabilities. namely, Р(Х=х,) by py, P(X 2x3) by py, P(X—x3) by ps, etc. 

We dene 


EP TN 
dur T Хх 
V e consider some examples, 

®хашр!е 1: Find the mean of the number of heads in the two tosses of a coin. 


Solution : We refer to Example 2, Section 28.2, and have the required probability 
distribution of X. We construct a column of x, p/'s and show work below: 


— 
х Pi хр 
————1_ == =ЕЕ82 
1 
0 ТАТ 0 
HSR i 
1 2 2 = x= 
1 2 
r Er 
— 
1 
————— 


Thus the mean of the number of heads is 1. 


What does it mean? It means that if we repeat this experiment of two tosses of 
а coin, ‘a large number of times’, then, ‘on an average’, we expect the number of heads to 
be l in each performance of the experiment. It is not Possible to say what we Mean by 
‘a large number of times’: It could be 10 times, 30 times, 1000 times, 20001 times, and so 
on. All we are saying is that if we record the number of heads each time we toss two 
coins and we do so for a large number of times, the average of these numbers should 
be 1. 

Remark: Other names for the mean are average or expected value, Also the 
terminology mean of a random variable and the mean of the probability distribution of a 
random variable will be interchangeably used. 


Example 2: Find the average number of sixes in 2 tosses of a die. 


Solution: Let the number of sixes be denoted by 2. 
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The required probability distribution is given in Example 3, Section 28.2. We 
carry out the computation of the mean as below : 


zi Pi 2:р; 
25 
ат 0 
1 ЛОО? 
36 36 
1 2 
2 === zen 
3 36 
2 е а] 
We see that X zipi = Ti. E 


Thus, the average number of sixes is +. 


Example 3: Find the mean number of heads in three tosses of a coin (or a simul- 
taneous toss of three coins). 


Solution: Let us denote by У the number of heads. We refer to О. 18 
Ex. 27.2 to obtain the required probability distribution of Y. We carry out the ed 
tion of the mean as below : 


^ Pi ipi 
M Ры PE s. “УШЫ 

1 

0 TE 0 

1 2, 3 
8 з 
3 6 

2 E * 
1 3 

3 4. 3. 

* 8 8 


12 3 
We see that X Ji = —-g- = 5 


Thus, the mean number of heads is + B 
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Ехатріе 4: Find the mean of the foliowing probabiiitv distributio 


Semen : We carry out the computation of the mean as below : 


d pi Xipi 
XC 02 —0.6 
! 0.4 —0.4 

) G3 0 

4 0.1 0.4 


We see that ххїрг---0,6 


ТБ Ч prd ЭН ч t 
us. the mean of the given Probability distribution is —0 o L 


28.3.5 Variance of a Random Variable 


As before, we get a clue from the formula for variance of a frequency distribution 
to write a formula for calculation of the variance “of the probability distribution of a 
random variable. We denote the variance by с>. We have 


c? = E) Ww 
ЇГ, however, # is not a ` 


nice’ number, we have the following formula for o2 : 
g? = ЖА р — u2? 
Standard deviation c, is. of course, + 4/ v2 


We consider some examples. 


Example 5: Find the variance of the number of heads in the two tosses of a coin- 
(See also Example 1, Section 28.3.1) 
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Selation: We recall that 5— 1. We, therefore, use formula (1) for finding ої 


as below : 
ن‎ 
ч Р. x= (я—һ)* (х—н)%р; 
nn 
1 ы 12231 
— 0—1 222275 
0 4 1 1x 7 4 
1 та 1 
1 7 1—1 0 0х буун 0 
r de 162501 


Thus, 03--3 (4—0) рг = > 
Determine the standard deviation and variance of the number of 


Example 6 : 

sixes in 2-tosses of à die. (See also Example 2, Section 28.3.1) 
1 

Solution : We recall that и = -7 - We, therefore, use formula (2)for finding 


c? and hence, о. We have 


25 25 
0 36: 0 0x 36 -0 
10 10 _ 10 
1 36 ! 1X36 7 36 
TET 02112228: 
2 36 4 41362436 
Р 
We note that X zi Pi— ^36 18 
Thus, 02 = Szép,- (8) 
7 кте eden 5: 
с (ти I78 


5 
And, ا‎ Je = "VES 0.527 
Example 7 : Find the variance of the number of heads in three tosses of a coin. 


(See also Example 3, Section 28.3.1) 


(approx.) 
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Solution : We recall that ».— 2, We again use (2) to find o®. 


2 
Ji pi ye уңр 
0 + 0 0х T -0 
1 T 1 1x $= = 
2 54 pad 
3 23 9 oxy = 
= 
We see that X удр, = go 3 
Thus, 02 = Худр,-(и) = 3 -(37- i 
Example8 : Compute o? and с for the following probability distribution : 
X ED ==! 0 4 
P(X): 02 04 0.3 0.1 


(See also Example 4, Sectio; 28.3.1) 


Solution : We recall that и = —0.6. We usefermula (у аа 
А e th i 
calculations for 02: | е following 


x pi x,2 хар; 
SOT MAS TA ا‎ 70 
223 0.2 9 9(0.2) -- 1.8 
21 0.4 Ї 1(0.4) = 0.4 
0 0.3 0 0(0.3) = 0 
4 0.1 16 16(0.1) -- 1.6 
3.8 
Thus, 02 = Xxi$p, — (в)? 
= 3.8 — (—0.6)? 
= 3,44 


And, © = 4+4/3.44=1.85 (approx.) 


by 
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EXERCISE.28.2 


Find и, c? and c for each of the following probability distributions : 


10. 


х: 1 2 3 4 


PX): 04 93 0.2 0.1 


Z5 —2 -1 0 1 2 3 
Е 
PZ): 01 0.1 0.2 0.1 027 03 


m C —r— E ee ——————— 
A die is tossed twice. А *success' is 'getting an odd number' on a toss. Find 
the variance of the number of successes. 


Two cards are drawn successively, with replacement, from a уе!-5ш ед deck 
of 52 cards. -Find в and о for the number of aces. 


Two cards are drawn simultaneously (or successively, without replacement) 
from a well-shuffied deck of 52 cards. Compute о? for the number of aces. 


Five defective bulbs are accidentally mixed with twenty good ones. It is not 
possible to just look ata bulb and tell whether or not a bulb is defective. 
Four bulbs are drawa at random from this lot. Find the mean nuinber of 
defective bulbs drawn. 


A die is tossed twice. Getting ‘a number greater than 4’ is considered a 
‘success’. Find the variance of the probability distribution of the number of 


85685665. 


278 


MATHEMATICS 
28.4 Key Concepts 
ج ڪڪ ڪڪ س س‎ 


Discrete random variable Variance of the probability dis- 
tribution of a random variable 


Probability distribution of z 
a random variable Standard deviation of the proba- 


bility distribution of a random 
Mean of the probability distri- variable 


bution of a random variable 


28.5 Suggestions for Further Reading 


Again, any standard book on Probability will deal with probability distributions. 
The reader is referred, for instance, to [1] and [2], Section 27.5. : 


An excellent paper back is 
11) M. Willerding : A Probability Primer. 


. Prindle, Weber and Schmidt, Inc., Boston, (U.S.A.). 1968. 


Ф 


MISCELLANEOUS EXERCISE VII 


(On Units XXVII and XXVIII ) 


Three coins are tossed simultaneously. List all the possible outcomes. What 
is the probability of ‘exactly 3 heads’, ‘exactly 2 tails’ and ‘at most 2 heads’? 


What is the probability of drawing ‘a red card’ from a well-shuffied deck of 
52 cards ? What is the probability of drawing ‘a black ace’ ? 


A bag contains 3 black and 5 white marbles. A marble is drawn ‘at random’ 
from the bag. What is the probability that the marble drawn is ‘not white’ ? 


_ In a single throw of two dize, find the probability that the total number of dots 
obtained is a multiple of 3. 


A die has two faces cach with number “Г, three faces each with number 2 
and one face with number 737, If the die is rolled once, determine 


(i) PO) 
(ii) PU or 3) 
(iii) P(not3) 
In a single throw of two dice, find the probability of a total of an odd number 


greater than S: 


The probabilities thata student will receive an А, B, Cor D grade are 0.40, 
0.35, 0.15 and 0. 10 respectively. Find theprobability that a student will receive 
() notan А grade 
(i) at most a C grade 
(iii) Bor C grade 


Two dice are tossed once. Find the probability of getting ‘a multiple of 3 on 
the first die ога total of 10° 
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10. 


11. 


12. 


13. 


14, 


15, 


16. 


MATHEMATICS 
What is the probability of not Betting a 1 or 6 ina single toss of a die ? 


Given two mutually exclusive events А and В, such that P(A)=0.45 апа 
F(B)=0.35, find 


(a) P(not А) 
(b) P(not B) 
(с) P(A and B) 


Find the probability that the sum of the numbers obtained in a simultaneous 
throw of two dice is an odd number. 


А bag contains 2 White, 3 black and 4 red balls. A ball is drawn 


5 ‘at random’, 
Find the probability that the ball drawn is 
(a) either red or white 


(b) not white 


А box contains 6 zed marbles numbered from 1 through 6 and 4 white marbles 
mue d 12 through 1s. Find the Probability that, a marble drawn 
(а) white 

'b) even numbered 

(c) white and odd numbered 


(4) red or €ven numbered 


In a single throw of three dice, 4 i 
1 nice, determine the Probability of getting a ‘triplet’ 
(same number on ар the three dice), ) i 


Given two i 


delenit independent events A and B such that P(A)=0.40, P(B) 0.50, 


(à) P(A and B) 
©) P(A and not B) 


17! 


18. 


19. 


920). 


21. 
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(c) P(not A and B) 
(d) P(neither A nor B) 
(e) P(A or B) 


A bag contains 13 balls numbered from 1 through 13. Suppose an even number 
is considered a ‘success’. Two balls are drawn, with replacement, from the 


bag. Find the probability of getting 

(a) two successes 

(b) exactly one success 

(c) at least one success 

(4) по success 

In two successive throws of a pair of dice, determine the probability of gettmg 
a total of odd number of points each time. 


A card is drawn from а well-shuffled deck of 52 cards. The outcome is noted, 
the card is replaced and the deck is reshuffled. Another card is drawn from 


the deck. What is the probability that 

(a) both the cards are of the same suit ? 

(b) both the cards are aces ? 

(c) the first card is a spade and the second card is a black king ? 
(d) both are face cards ? 


Three cards аге drawn from a well-shuffied deck of cards, one after the other 
and with replacement. What is the probability that 


(a) all the three cards are spades ? 
(b) first two cards are queens and the third card is black ace ? 


(c) first card is a jack, second is a red queen and the third card is a king ? 


A draws two cards with replacement from a well-shuffled deck of cards and 
at the same time B throws a pair of dice. What is the probability that 


(a) A gets both cards of the same suit and B gets a total of 6 ? 
(b) A gets two jacks and B gets a doublet. 
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23. 


24. 


75. 


MATHEMATICS 


‘Three persons work independently to decipher a message in Моге Code. The 


vespective probabilities of their deciphering the code аге ES i and 23 - 


What is the probability that the message will be deciphered. 


{Hint : the message will be deciphered if any one of 


the three persons can 
decipner it. } 


What is the probability of throwing at least two sevens in 3 throws of a pair of 
dice ? 


If 1 out of 10 bulbs produced in a factory is defective, 


what isthe probability 
that out of a sample of 3 bulbs, with replacement, 


(а) exactly 2 bulbs are defective ? 

(b) not more than 2 bulbs are defective 7 

(2) ло bulb is defective ? 

In а simultaneous toss of 4 сопе, what is the Probability of getting 
а) jess than 3 heads ? 

(b) more than 3 heads ? 

(c) exactly 3 beads ? 


Find #, 6%, с for each of the following Probabilit 


y ‘distributions - 


27. 


29. 


MISCELLANEOUS EXERCISE УП 283 


A die is tossed thrice. A ‘success’ is ‘getting | or 6° on a toss. Find the mean 


and the variance of the number of successes. 


Compute the variance of the probability distribution of the number of doublets 


in four throws of a pair of dice. 


4 white and 3 red balls. Three balls are drawn, with replace- 


An urn contains 
urn. Find в, c? and o for the number of red balls drawn. 


ment, from this 


entally mixed with ten good ones.Three eggs are drawn 


Two bad eggs are accid 
at random, without replacement, from this lot. Compute » for the number of 


bad eggs drawn. 


UNIT XXIX 


THE PROBLEM OF AREAS 
(An Introduction to the Integral) 


In this unit, we, study the problem of areas as a motivation for the integral. 
We learn some properties of the integral and use the Fundamental Theorem of 
Integral Calculus to evaluate definite integrals. 


291 Introduction : The Problem of Areas 


We have already studied three important problems that led to the development 
of Calculus, namely, the problem of speed, the problem of tangents and the problem of 
maxima and minima. We now study another important Problem which also played a 
significant role in the development of the Concepts in Calculus. This is the problem of 
areas which plagued the early Greek geometers, notably, Euclid (approx, 300 p. C). and 
Archimedes (287-212 B. C.). 


We consider some examples. 


Example 1: Let us consider the function 
fQ)-3x41 


Recall that its graph is a line. Let us find the area of the region above the x-axis below 
the graph of this function and between the vertical lines at, say, х--2 and at TAA int 
say, x>2. The region is shaded in Fig. 29.1. ог 


This area is rather easy to compute, since, {һе region ABDC is 5 
? а trapezi Do 
you recall the arca of a trapezium ? Барен. 
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Fig. 29.1 


We have 


ar (ABDC) = ( AB+CD )x AC 
- (74341) 6-2) 


ie, аг (ABDC) = + (3x4-8) (x—2) 


We note that this area is a function of x. If we denote the ar (ABDC) by A (х), 
we have 


А (а) =F +x-8 п) 


MATHEMATICS 


286 

Thus, from f (09-99 have obtained г new function 4 (х) defined for x22, it 
represents the area above the x-axis bounded by the graph of f(x) between the vertical 
er point x22. WecallA (x) the area function. We say briefly 


—2 and at anoth 


is the area under f es at 2 and x. 


Jines 2t * 


that А (X) (x) between ibe ordipat 


Let us now find the deriva/ivc af the area function with respect 10 X. We havc 


A (ae (2х)++1=3х4+4-1 


What do we observe ? We observe that a 
A’ (=f (x). for x2? 
ic.. the derivative ofthe area functior A (x) is (hc given function f(x) im the interval ° 
х>1. 
Remark 1: Itis intuitively clear that the area under f(x), above the x-axis and 
between the ordinates at x—2 and 2 (again) is zero. We also see that 34 4-x—8 has value 
zero for x=2. We саа, therefore, extend the area function A (x) and have 
EYE 
AXE SC Neat Mas Гос х >2 
We also see that 
A’ (2) =f (2) 
Remark 2: What if we were to find the area under the function f(x)=3x+1 
between the ordinates at, say, x=3 (instead of x—2) and at some x>3? > 
The reader is advised to compute this area, Say, A(x) by using, again, the formula 
how tha: : 
о 


for the area of а trapezium and s 


p) 


AG) m ta و‎ 


p 


,forx23 


What is 4 (2? 
What is 4’ (х) ? 
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We again observe that the derivative of the area function A (x) is the given fanction 
f (x) for x>3. 


Example 2: Let us consider the function 
g (x)= —2x+3 
Recall that its graph is a line 


Let us find the area A (x) under g (x) between the ordinates at, зау, х--1 and at 
ь зоте xp. The region in question is shaded in Fig. 29.2. 


Fig. 29.2 


ч We have 
A (9) = (124-3) (5-1) 
or, A (x) = — x'4-3x—1 


What is А’ (x)? We have 
А (x) = —2x4+3= g (x) for x >i. 
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We again observe that the derivative ofthe area function A (x) is the given function g (x) 
for x>1. 


Remark 1: Let us find A (1). We have 
А (1)= —(1)?+3 (1)—2=0, 


as was expected. 


Remark 2: Let us now find the area A (x) under the same function g (x) between 
the ordinates at, say, х--0 and at some x>0. We have 


A (x)= ЕЕ (3—2х--3ух=3х—х° 


What is A (0)? 
What is A' (x) ? 


We again, observe that the derivative of the area function A(x) is the given func- 
tion g (x) for x 20. 


The area functions А (x), in Examples 1 and 2 above, were rather easy to compute 
using the methods of Elementary Geometry. This is because the graph of f(x)in both 
the examples is a line. Euclidean Geometry provides us methods of finding areas of even 
more complicated rectilinear figures by ‘decomposing’ them into triangles. Recall, for 
instance, how we find the area of a regular polygon. 


The first really difficult problem of area is finding tne area of a circular region. 
The Greeks wanted to square a circle in the sense that they attempted to construct, by rular 
and compass, а square whose area would be equal to area ofa givencircle. That this is 
impossible was proved in 1882 by Ferdinand Lindemann (1852-1939 A.D.) However, the 
Greek mathematician Archimedes was successful in squaring a region bounded by ‘the arc 
of a parabola. In the next section, we consider the problem of fiuding the area of a region 
bounded by an arc of a parabola between the ordinates at x=0 and some point x. 


29.2 Squaring the Parabola 


Let the parabola be given by the equation y=x*. We wish to find the area A (x) 
of the shaded region. (See Fig. 29.3) Can you, from your earlier classes, recall some 
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Fig. 29.3 : Area by the Grid Method 


method of finding this area? Yes. We could, for instance, cover the plane with a 
grid of squares and count the number of squares lying wholly within the shaded area. 
But as we shall see, we will always have some squares which will lie partly within 
and partly outside the shaded area. We can, therefore, only get an approximation to the 
area by this method. However, the finer the grid (the smaller the squares), the better will 
be the approximation to the area. 


We now study the method as proposed by Archimedes. We divide the interval 
from 0 to x into л equal segments, where n is a positive integer. 


What Archimedes did was to ‘sandwich’ A(x) between the sum of the areas of 
rectangles lying completely inside the region and the sum of the areas of the rectangles 
lying partially outside the region as shown in Fig. 29.4. 
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4 
4 
Fig. 29.4 
The points of sub-division of the interval from 0 to x are 
x 2x > бин. x 
0, 0+ =, 0+ =, 0+ —,...,0+ „0+4 TE 25 
Thus, the length of each segment is =. What is the ordinate at each point of the sub- 
NT : < (x) 2x рәх уз 
division? The ordinate at — is(=) at (A) , etc. Ї 


Now what is the sum of the areas of. rectangles lying partially outside the shaded 
region? We have 


Ку ^ 


E = [74-2 4-3*4- + (п—1)°-+Е] 


x дї (2n4- D (att) 
T a TÉ 


shaded 
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x 
+ 5) 


What about the sum of the areas of the rectangles lying completely inside the 
region? We have 


= op +2(2)'+ (Е }+-++& z (oe 


= EL 14-214 (n— | 


„59 (в-1н(0л-1) _ = (ы 
i MEET) E. 
x3 E x3 
Mec cssc (2) 


Now Archimedes says, it is intuitively clear that 
(2) <A) < (1) 


ri ct E S03, x 
22-35 + ج > ۸> پچ‎ Tt. (3) 


Dividing throughout by x? (which is the area of the rectangle OABC and hence 


positive), we rewrite (3) as 


1 1 1 AG) < 1 1 
ое гон ae оз я OE (4)° 


e atri LEE аа‏ ے 


3+1 3+3 1 


E E Зат و‎ 
a= 6 < 6 “нп 

1 шан) 3л an 1 
— ўя Тєв" 6$ 5 


Thus (4) can be written аз 


1 


—— 


E] 


1 AG 310,1 
a<e <3 te 
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Archimedes then argued that as m, the number of subdivisions, becomes large, 


A(x 1 
зу - by what we call the Sandwich Theorem 


Ё х3 
ie, А(х) = Эр 
Archimedes stated this result in the form of the following theorem : 
Theorem 30 : Let a rectangle be such that one of the vertices is at the veriex of 
а parabola aud its opposite vertex is а point on the parabola in such a way that one of its. 


sides lies on the axis of the parabola. Then the area of this rectangle i 
в divided by th 
parabola in the ratio 2 : 1. ge ed bye 


We see that A(0) = 0 ee 


What about A(x) ? We have 


до) = LG») = № 


Thus, the derivative of the area function A(x) is the given function (х)--х ог х220- 

Beas How shall we find the area under f(x) = x? between the ordinates 
at, say, x—1 (instead of x =0) and at some other point x > 1? Geometrically we see 
that this area A(x) cam be written as y 


A(x) == Area between 0 and x — Area between 0 and 1 


х3-1 
3 


18 
X EE 


We see that the value of this area function at x=] is zero, as is expected. Also 
that its derivative is араш the given function.f (x)=x* for x >1. 
Let us display in the form ofa table the area functions that we have calculated so 
far and their derivatives. 
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Given First Area function Derivative А (vj 
function Ordinate A (x) (from arst of the area 
f (x) ordinate to x) 6 fo action 


Do you notice anything in this table ? We see that its first column and last column 
are identical. Would this be so if we had chosen some other functions in the first cohame ? 
The answer to this question was given in the 17th century by the English mathematician 
Isaac Barrow (1530-1677 A.D.), isaac Newton (1642-1727 A.D.) who, incidentally, was 
once a student of Barrow and the German mathematician Gottfried Wilhelm Leibniz 
(1646-1716 А.Р). This answer is indeed one of the momentous achievements in Mathe- 
matics We shall take it up in the next section. 


EXERCISE 29.1 


Find the arca fünc':on for each of the foilowing functions from the indicated 
eergnbnate — Verify that the derivative of the area function is the function f (x). 


1 #(х}=2х—5. c 
2. f(x)g2x-5. xed 


3. fi -x76,% = —3 


4 f(x] -х46,Хх-а2 
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5. f (ox, х=1 
6. /(х)-эх2--3, x=0 
"UL f (x)=x8-+x, x—0 


29.3 Integral as Area : Non-negative Functions 


The method of Archimedes, though elegant, is rather cumbessome. Fortunately, 
Calculus provides us with other methods of finding areas bounded by more general curves , 
than the Archimedes method. 


We shall study these methods now. 


Let y=f (x) be a continuous function which takes only non-negative. values 
i., the graph of f (x) lies above the x-axis except possibly at some points where it may 
meet the x-axis. Let us consider the ordinates at x=a and at some other point x>a. 
(See Fig. 29.5) 
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It ts intuitively clear that the region bounded by the graph of y =f(x), above the 
x-axis, between the ordinates at x = a and at 50те other point x has some area. How 
skall we compute this area? Аз remarked already the grid method has its drawbacks 
aud Archimedes' method is too difficult, We, therefore, introduce some notations to be able 
to study the methods, provided to us by Calculus. 


Since the area function depends on x as well as the form of f(x), we introduce a 
notation which takes into account both these facts. Following Leibniz, we write 


x 
A(x) = f f(x) dx (1) 
a 


and read the R.H.S. of (1) as the integral from a to x of f(x) with respect to x or simply the 
integral of f(x) from a to x. 


Since in the function-notation, it does not matter what variable we use to ехрессз 
the form of the function, we can just as well write (1) as 


x x 3 
40 = | 10) ax = | roa - [лое 
а а г 


The symbol* | is called the integral sign. In this notation, f (x) is called. the Бие- 
grand, a is called the lower limit of integration and x is called the upper limit of integration, 
The process of finding the areas is called integration. Interval from a to x is called the 
interval or domain of integration. 


With this notation, we can write our area functions of Examples 1 and 2 as 


Qx-4-1) de= 3-а84х-8 


ne + 


3 33 
(3х--1) dx= 7 xix — T 


о. “х 


Iu ee SS OTT 
"The symbol із an elongated S, the first letter of the word ‘Sum, since Archimedes’ 
involves limit of sums of areas of rectangles. ea’ method 
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256 


x 
| (—2x+3) х = —х%+}3х—2` 
1 


х 

? 

] (-2х--3) dx = —x?+3x 
0 


2d xS 
x “ОТ Si 


ou 


x 
(3-1 
2 2123 
i dx 3 


We also can, write, for instance, 


х 


Al | (3x4-1) dx | = 3х--1, 
2 


х 


4 | (—2x43) dx |= 325-3, 


dx 


х 
ac [nu |= 
0 


The question which we raised at the end of Section 29.2 сап now be restated 


terms of our new notation as follows : 


Is [| годах | =f(x)2 


a 


We state the answer in the form of a theorem. 


g 


Эв 
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Theorem 31: Let f (t) be a non-negative, continuous function of t for ag г Q b. 
Let 


А (у= | F(t) dt 


о— 


Then A’ (х) = f (x) for all x ina Ç x <b. 


To begin with we assume* that f(x) is increasing in a small interval J around x. 
[See Figs. 29.6 (i) and (ii) ] 


Fig. 29.6 


We recall that A(x) is the area under the function f from a to x. Now how shall we 
calculate A’ (x) ? 


‚о — ыш ACAD Аб) 
ae) xx (0 


-»0 


First we start with right-hand limit. Since we have to take limits, we assume Ax 
(positive) to be small enough for the interval from x to x+ Ax in J. 


©The proof of the case when f (х) is decreasing in a small interval around x is left lo the reader аз ав 
exercise. 
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Now what is A(x--Ax)? itis the area under f from ato x+Ax. Thus, for 
Ax>0, A (x+A)—AG) is the area of the region PORS in Fig. 29.6 (i). 


Н is clear from Fig. 29.6 (i) that 

ar (PQ'RS) < ar (РОВБ) < ar (P'QRS) 5 
ie, У8)Ах«сА(-АХ-А()«/(хьдх) Ax (2) 
But, Ax > 0, thus we can rewrite (2) as 3 


ло) > EEA AO Fes as 5) 


By the Sandwich Theorem*, therefore, (3) gives us 
pus eee AQ eu АС) ے‎ F(x) (4) 
Ах--04- 
The reader is advised to reason similarly from Fig. 29.6 (ii) and get 
: A(x+Ax)— A(x 
Lim BECAS AO) ) =f e 
Ах-0- 
(4) and (5) together give us that 
A' (x) — f (x) 


which proves** the theorema. 
А : 3 
[The reader is advised to furnish a proof of the theorem when fis increasing on * 
one side of x and decreasing on the other in а small interval around x.Can you tell when 
will this happen ?] 


This result is very powerful indeed, namely, that if f (x) is а non-negative conti- 
unos fonction, then the derivat've of Из area function is f (x). Inthe next section, we sec 


*Since f is a continuous function, it is clear that 
Lim /(х+Ак) = Lim f(xtAm3-/0 
Ax 04- Ах-д- 


*?[n fact, the theon:m сав he proved without these restrictionson f However we shall got take 
up that proof in this book. 


THE PROBLEM OF AREAS 299 


that this result is true when the non-negativity of the function f (x) is dropped, provided 


x 
of course, we first define what we mean by [ f (2) dt in that case. 
a 


29.4 Integral of a Function which may take negative values 


Before we extend our definition of integral to include functions which may take 
negative values, let us introduce the concept of signed area. So far we have found areas 
of regions lying under a curve у = f (x) and above the x-axis. What if f is negative and 
we are concerned with the region which lies above the curve and below the x-axis ? (See 


Fig. 29.7) 


Fig. 29.7 


Let the area of the region be А. То give it meaning as area under the curve and 
above the x-axis, we say that it has signed area —A. We write it as 


x 
[г ax=—a 
а 


and сай it also as the integral from a to x. 


Now we consider a function f which may take positive as wellas negative values. 
А graph of such a function is given in Fig. 29.8. 
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2 
9 
Fig. 29,8 
The signed area under the curve y = / (х) and above the x-axis is the area of the 
region Rı - area of the region Ra + area of the region Кз — area of the region Ra. 
We now extend the definition of integral to include such functions and write 
x 
| £60 & = (аг (Ry) + ar (Ra) Fler (Ra) + ar (RD) 
а 
We consider an example. 
€. 
Example: Compute 
x 
| (2х--1) dx o 
224 


Solution: Recall that the graph of у--2х--1 isa line, It із clear that two cases 
arise according as —4 < x < —-рогх > -4- 


Case 1: —4<х<—-- 


t4 
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We see that the region lies below the x-axis, (See Fig. 29.9) 


Fig. 29.9 
We calculate PS, OR and PQ we have 
PS = |f(—4)| = 7, QR = | 2x4-1 | = — Qx4-1) 


РО = | -4—x| = x14 
Thus, ar (PQRS) — + | (PS+ OR) РО] 


= 9-10) +4) 1 


= —X*-—x.-12 
Hence 
x 


| (2х--1) dx = -(--32-х--12) = х3-4-х--12 
-4 
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p 
when =4<х6 - = 


Case Il: х> = 
We see that the required area consists of areas of two regions, one lying below the 
x-axis and the other above. (See Fig. 29.10) 


Fig. 29.10 


Now, ar (APS) = + (PS) (AP) = 370) (z)- E 


Thu, ar (R) =P 


And; ar (ABC) =+ (AB) (BC) = 1 t +) Qx-4-1) 
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We now have 


x 
| (2х--1) dx = — ar (Ву) + ar (Rs) 


-4 
ا‎ кт L 
2502 + x +x + 4 
= x2--x—12 


We see that їп both the cases, 


x 
А (х) = | (2x4-1) dx— x2 + x—12 
—4 


We observe that E (x1--x—12) = 2x+1 = f (x) 


is £[[e2]- 26 
=4 


This suggests that Theorem 31 is true for functions that may take negative values 
as well. In fact itis. We State this fact as a theorem. 


Theorem 32: (First Fundamental Theorem of Integral Calculus) 
Let f (t) bea continuous function of t for a < t « b. 


x 
Further, let А (x) = | f(t) dt. Then A’ (x) = f (x) for alix in a x < b. 
a 


EXERCISE 29.2 


x 
Evaluate | f (x) dx for each of the following for the indicated value of a. 


IP. 
Verify that 2 | j/o & | =f (x) 
а 
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1. f(x) = 2х+1, а= —6 
2. fG) = 2х—5, а=0 
з. fi) = =х+6, а= 2 
4. f(x) =—3х+1,а = 2 
5. Let f (t) be a decreasing non-negative continuous function o 


f t defined for a&tsb. 
х 


Let A(x) = | f (t) dt, foras x <b. Prove that A’ (х) = f (x) 
a 


4 
6. Let f(t) = 2—t. Evaluate [9 dt. Verify 
x 


4 
ral | га) ]- —f (x) 
x 


29.5 Anti-derivatives 


We row learn how to use the First Fundamental Theorem of Integral Calculu $ 
to compute the area functions. First, we make a definition 


Definition 11: A function F(x) is said to be an anti-derivative ога primitive func- 
tion of f (x) if 
4 кх) = f(x) 
4х 


Remark : We speak of an anti-derivative (and 


not the anti-derivative since several 
functions may be anti-derivative of the same function. 


Can you think of some examples ? 


If we know one anti-derivative of a given function f (x), сап we write several 
others? Consider, for instance, the following example. 


Example 1 : Since E sin x — cos x, therefore, sin x is an anti-derivative of cos Х. 


t, 3 2 "eir 
It is clear that sin x + 1, sin x — 15, sin x 4 gare also anti-derivatives of cos X- 
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In general, we say sin x + C, where C is a real constant, is an anti-derivative of 
COS X. 


Are there any other anti-derivatives of cos x. other than sin x + C? The following 
theorem tells us that there are no others. 


Theorem 33 : Let f(x) and g (x) be differentiable functions on an interval a < x <b 
such that f'(x)—g (x) for all xin this interval. Then there exists a real constant c such 
that f(x)—g(x)-4-c. 


We wish to prove that f(x)—g(x) is a constant c. 

Let us consider the function 
ф(х) = f(x) — g(x) 

We shall prove that if x, and хә are any two points in the interval a < x « b, then 
eG) = (x2) 

Let us consider x, and xo in a < х < b such that X, < хә. 


Since f and g are differentiable in the interval a < x < b, it is clear that 9. is 
differentiable in a < x < Б, In particular, Ф is continuous in a < ¥ «b 


We apply now Lagrange's Mean Value Theorem to the function ¢(x) in the interval 
xı € x «xs. It tells us that there is at least one point, say x, in the interval a < x < b 


where the slope of the secant from (a. Ф (x) jo (хь v69) is equal to the slope of the 
tangent at (хо, (хо) ). Thus we have, 


(xs) — e) = q'(xo) (D 


where Хо is such that x, < Xo < л». 
But e'(xo) = f'(xo)—£'(xo) (Why ?) (2) 
Since f'(xo) = &'(xo), by hypothesis, (2) gives us Ф (хо) -0 
From (1), therefore, we have 


Ф(хә)—Ф(%) _ (у 
Хо—Ху 


_ whence, (xə) = (х3; 


which proves the theorem. 
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Remark : It follows, therefore, that whenever we know one anti-derivative F(x of | 
some function f(x), we know ай the others. They are of the form F(x)+C, where C is \ 


some real constant. Thus, any two anti-derivatives of a given function differ by a constant. 


This gives usa clue to finding the area function through anti-derivatives. Let us 
consider the following examples : 


Example 2 : Compute the area function, A(x), where 


x mn - 
А(х) = | x3dx | 
1 


Can you guess ап anti-derivative of x? ? We recall that 


£ (x4) = 4x3 and hence, 


d ( x$ } 
(=e i 


: x42 
This tells us that qis ап anti-derivative of x3. 


On the other hand, by the First Fundamental Theorem of Integral Calculus, A(x) 
is also an anti-derivative of x3. Thus by Theorem 33 above, 


x4 
AG) ns s (1 


where с is some suitable constant. | a 


How shall we evaluate c ? We recall that A(1)—0. Substituting x—1 in (1) we have 


А(1)= “+ с | 
: 1 
Thus. A(1) = 0 implies that с = —-7 and that 
х4 — 1 


А(х) ae, 
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Example 3 : Compute the area function, A(x), where 


x 
ло) | x8dx 
2 


Solution : From Example 2, above, we have 


Аф) = +e 


where c is to be suitably chosen so that A(2)=0. 
c Зи 


Now, А(2) = 107 


aE 


Thus, A(2) = 0 implies that c — —4, 


4— 
Thu, А()= 18 


We see that we get different area functions for different vai 
integration. They are all of the form 


lues of the lower limit of 
x4 
A(x) = ЛЛ c 
29.6 The Definite Integral 


Let us refer to Example 3, Section 29.5. We had computed 


* я та 
A(x) -| OS Бүүр Hg 
2 
In (1), if we substitute a specific value of x, say x = 4, we get 
4 "a 
д@= [хх = EP 4 = 6 
2 
This specific value of the area function is called the definite integral of x? from 


2 to 4. 
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More generally, if a and b are some (fixed) numbers, such that a < b, and f isa 
continuous function defined on an interval a < x < b, then the definite integral of f from a 
to b is 


b b 
| f(x)dx or | f(t)dt 
a a 


In other words, it is the area under the graph of y=f(x) between the ordinate at 
x=a and at x —b. 
b 
Remark: The definite integral | f(x)dx is simply the value of the area function A(x), 


a 
where, 
x 
Aw = | f(x)dx 
a 


at the point x—b. 


We prove below an important theorem which enables us to evaluate definite inte- 
grals by making use of the anti-derivatives. The theorem is called the Second Fundamental 
Theorem of Integral Calculus. 


Theorem 34 : Let f be a continuous function defined on the interval a < x < b and 
let F be an anti-derivative of f. Then 


b 
| f(x)dx = F(b)—F(a) 
a 


Proof : Since we are dealing with area, which is a specific value of the area func- 
tion, we let 


X 
aw = | лаах 
а 


[^4 
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By the First Fundamental Theorem of Integral Calculus, A is an anti-derivative of 
f. But F is also an anti-derivative of f, by hypothesis. Thus, by Theorem 33 


A(x) = F( +c а) 
where c is a real constant. 


Now A(a) must be zero. Thus, from (1), we have 


Е(а)--с--0 
whence, c= —F(a) 
6. (1), therefore, becomes 
Абд=Е(х) —F(a) x 
In (2), let us substitute х=. We get 
A(b)—F(b)—F(a) 
b 
But A() | дэс 
a 
We thus have 
b 
| Дхах=Е(Ы)—Е(а) 
а 
which proves the desired result. 
> Remark 1: In words, the theorem tells us that 
b 
v | f(x)dx = (Value of an anti-derivative at b, the upper limit) —(Value of 
E the same anti-derivative at a, the lower limir) 
b 
Remark 2: We often write F(b)— F(a) as F(x) ] 
a 


Remark 3 : It should be ciear that, no matter which anti-derivative we take as E 
thc value of the definite integral comes out to be the same. 
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We now consider some examples. 


Example 1 : Evaluate 
3 
| (f+1)dt 
2 
3 
Solution : An anti-derivative of 124-1 is LH 


Thus by the Second Fundamental Theorem 
3 


[енн ]-(Q 5) +) 
2 2 


А : 
Hence, | + a= 
2 
3 
Example 2; Find | 2 dt 
0 
3 Э. 5 
5 : 5 2 t2 QU 
Solution : An auti-derivative oft" is 55881558 
2 
sane 54 
Thus, [ t 24-4 12 
0 ras? 0 
5 
-3(02-) 
- 8) 
64 


"v 
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3 
چکگ بے 12 | Hence,‏ 
0 


2 
Example 3 : Evaluate | cos t dt 
zu 


Solution : An anti-derivative of cos t is sin 1. 
t ud Ei 
2 


-R 


Therefore, | cos t dt = sin t if 
ыг 
2 2 


~m- (4) 


TM 2718, 
= sin + sin = 1+1=2 


He 
2 
Hence, J cos / dt = 2 


2s 
2 
Remark: The result of, Example 3 tells us that the area under the graph of у==со$ x 
between X = — s> and x == is 2. (See Fig. 29.11) 


Fig. 29.11 
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29.7 Properties of the Definite Integral 


We consider some important properties of the definite integral which we will find 
useful in evaluating them. As a Motivation for proving these Properties, the reader is 
advised to recall the Properties of the area function from earlier classes, 


Property 1 : If f(x) = k, where k is a real constant then 
b 
| fo ax = koa) 
a 
Since F(x)=kx is an anti-derivative of SOO=k, we have 
b 
о 
| fds = kx] = kb—ka = k(b—a) 
а 
ар 


Property II: If a < c < b and if fisa continuous function defined on a < x < b, 


then 4 
b c b 
| f(x) dx = | f(x) dx + f f(x) dx 
a a c 


"Let F be an anti-derivative of f. then, by the Second Fundamental Theorem, 


b 

| да) ах = Ft) — к) @ 
a 

С 

| fe ax = Fe — Fo 
а 

b 

[оа = FW — FO (ш) 
с 


Adding (ii) апа (iii), we have 


c b b 
b 

| Л) ах + | Дх) dx = F(b) — F(a) = F(] = | дам 
а 


а с 2 
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Intuitively, the property tells us that the area under y=f(x) between x=a andi 
xd is the sum of the areas from x=a to x=c and from x—c to x=b, where с is some 
point in a < x <: b. (See Fig. 29.12) 


Fig. 29.12 


This property is called the Additivity Property of the Definite Integral of a function 
Property III : Let f and g be continuous on a « x « b. ‘ 
Further let К be a constant. Then 


b b b 
(i) | (f()-FgG9)dx = | (хуа | 2(х)ах 
а 


b 
(ii) k f(x)dx = К | f(x)dx 
a 


pos 


Let F and G be anti-derivatives of f and g, respectively. Recall that 


d 
4 ү) + Gol =H FO) + -L об) = feta 


Thus, F + G is an anti-derivative of f+g 
Hence, 
b b 
| utres 4x = FF) + 900] 1 
а 


а 
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[ F(6)+G(6) ] — [ Fia)+G(a) | 


[ F5)—F(a) ] + [ G(6)—G(a) | 


| 


ll 


b b 
ЕОО) + 809) 
а а 


b b 
= EST + | g(x)dx 
a a 
Thus, 
b b b 
| ан [oax + | вода 
a a a 


This proves (i). It tells us that the definite integral of the sum of two functions is 
the sum of their Separate definite integrals, 


For (ii), we recall that 
d "ed. Үл \ 
эх KEO = Кю FO) = kf) 


b 


5 
Thus, | kf i ds = к к) |H k FO — k F(a) = Р) — Fl 
a a 4 
b b 
i. e. | 109 ax EE [re e 
a B a 


which proves (ii). It tells us that the definite integral of a constant multiple of a func- 
iion is that constant multiple of the definite integral of the function. 
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By repeated application of (i) and (ii) of Property ПІ, itis straightforward to 
prove the following : 


Theorem 35: If f1, f2,..., fn are continuous on a& x« b and if Ку, ko,..., kn are 
constants, then 


b 
| [kı f; (x)+Ke fo (x)-E...-- Kn fn (x)] dx 


a 
b b b 

= kı | fı (x) dx + ke | fo (x) dx-...--En | fn (x) dx 
a a a 


We call this the Linearity Property of the Definite Integral of Several Functions. 
Finally, we make an important definition. 
Definition 12: If a<b 


a b 
[roi – [rma 
b a 


This definition tells us, for instance, that 


1 3 2 
| а--| а= – 8-р 
3 1 


Remark 1: We can now extend the Additivity Property for c lying outside the 
interval a<x «b. 
Remark 2: We leave it for the reader to verify that the Second Fundamental 
Theorem, Properties I, II, Ш and Theorem 35 continue to hold for the definite integral 
a 
| f (х) dx, a<b 
5 


We only need some method(s) of finding anti-derivatives to be able to evaluate 
definite integrals. In the next section, we develop some basic anti-derivatives and consider 
some examples. 
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29.8 Finding Anti-Derivatives. Indefinite Integrals 


Anti-derivatives are also called Indefinite Integrals or, simply Integrals. We 
denote indefinite integral of f(x) by the symbol 


| f(x) dx 


and read it as the integral of f(x) with respect to x. The process of finding an anti-deri- 
vative is called Integration. 


We should remark that since a function / has several anti-derivatives, | f(x) dx 
is rather ambiguous in meaning, in the sense that it does not tell us which anti-derivative is 
intended. It is for this reason that, if F is an anti-derivative of f, we write 


| f (x) dx = Е (х)-с 
where c is a real constant and is called the Constant of Integration. For different values 
of c, we get different anti-derivatives of f, and hence all anti-derivatives of f. 
We consider some examples. 
Example 1: Find | sin x dx 
Ё f d ^ 
Solution: Since dx (—cos x) = sin x, (—cos x) is an anti-derivative cf sin х. 


Hence we write 


[ sin x dx = — cos X+c, c a constant 
Example 2: Integrate sec? x+2x 

i ll that ids (tan x) Ё вес? х апа 4 (x2) = 2x 
Solution: We reca Te E 5 


Also that 


(tan x +x2) = sex + 2 
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Hence, 
| (вес2х--2х) dx = tan x+x2+c 
where c is the constant of. integration. 


Remark : Let us now evaluate | sec? x dx+2 | х ах 
We have 


[ sec? x dx +2 | х dx = (tan x4-c) + (2. х +сә) 
= tan х--х2-4-сү-Есд 


tan х--х2--с, where 


C = €i Fco. It is customary 


to combine all constants and write them as one cons- 
tant of integration. 


We observe that 


| (sec?x 4- 2x) dx = | sec?x dx --2 | х dx 


We state below two important 


properties of indefinite integrals, which we find of. 
great use. 


If f aud g are continuous and k is a constant then 
® [tro 48001 dx = [ 169 ax + [асах 


(ii) [ k f (x) dx — kf f (x) dx 
We now give a table of integrals (anti-derivatives) of some functions. 


This table 
is easy to construct from our earlier knowledge of Calculus, 


+e, nz —1 
[сов X dx = sin x--c 
| sin x ax = —cosx е 


sec?x dx = tan x + c 
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(созее?х dx= —cotx + c 
| sec x tan x dx = see x + с 


| cosec x cot x йх-== —cosec x + с 


We consider some examples where we use the properties and results from the above 
table. 1 


Example 3 : Find fe sin x4-x?) dx 


Solution : [ (2 sin x + x2)dx = 2| sinx ах + | х20х 


2(—cos D+ 


x) 
= —2 cosx + -77 anc 
Thus, 


‘fe sin x + x?) dx = —2cosx + Xe 
Example 4 : Integrate V/Z? —3 sec? z 


Solution : | (Vz —3 sect = ) dz = | эт; -3| Бид 


3 
x 
=f: 42 -3| sect z az 


FNS - — 3 tan z--c 


3) 
5555, т —3tanz--c 
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5 


Thus, | (V2 —3sect z) dz— 4; = demens 


Example 5 : Find all functions f whose second derivative is zero for all x in the 
domain of f. 


Solution : We desire all those functions f(x) such that 


f'"(x) =0 
for all x in the domain of f. 
3, 
[їп Leibniz’s notation, this may be written as E = 0, where у = f(x) Such 


an equation involving derivatives (differential coefficients) is called a differential equation.] 
Recall that 


at = a (i) 


dx? ах\ах 


йу 


Thu, — if 73 


— 0, we must have 


Wg 17 


ах 


where a is some constant. Again taking anti-derivatives in (1) and noung that y is an 
anti-derivative of the L. H. S., we get 


yc | a dx 


у= ах +8 
where В is the constant of integration. 
We observe that y is a linear function of x. We have shown that, if for a function 
у = fix), 


dy _ ] 
qa 


then y must be a linear function of x. 
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Conversely, it is easy to see that if r is a linear function of x then 


ауд 2 
axe 0 


Thus, only Ипгаг functions of x and no other functions, have their second derivatives 
zero for all values of x. 
Remark 1: In the above example, we say that у = ax + P satisfies the differen- 
2 
tial equation Фу = 0. A function satisfying a given differential equation is called a solu- 


dx* 
tion of the differential equation. 


Remark 2: We note that y =ax+ 8 represents all solutions of the differential 
f d?y 
equation pri = 0. 
Remark 3: We observe that there are two arbitrary constants in the solution of 
: : _ diy 
the differential equation ЖЕП = 0. 


Example 6: Find | (x + cos x) dx 


ob ра 


Solution : We have 


em. E © 
2 2 22: 
| (X -cos ») dx = | x dx + | cos x dx 
0 0 0 


Thus, 
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n 
(х--со» x) dx = = +1 


о nja 


EXERCISE 29.3 


Integrate the following functions : 


1. 


5.2-4-6 cos х 
10 
ТЕШЕП 2 sec?x 


1 
бх + 5x? — 2x8 + -3 


1 
Sree 
6 cosec?x F 


2sin x — sec?x + x 
tan?x —3x? 


1 


E — 2x 2 + cot?x 
х 


8. We have already studied motion of bodies moving with constant acceleration. 
The ancient Greeks believed the wrong notion that heavier the body, the 
v farther it falls—a belief propagated by Aristotle(384—322 B.C.), which remain- 
ed unchallenged until the time of the Italian genius Galilei Galileo (1564-1642 
A.D.). Galileo made towering contributions to mathematics, physics, astronomy 
and claims priority over Newton and Leibniz as setting the pace for develop- 
ments in Calculus. Galileo stated the law of freely falling bodies as follows : 


A body falling freely under gravity, starting from rest, travels 
tional to the square of the time t it has been falling, 
being the same for all bodies. 


а distance propor- 
the constant of proportionality 
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Assuming a constant acceleration g, due to gravity, prove Galileo s law. 


ds. 


[Hint: Recall that 2, isthe velocity. The rate of change of velocity with respect 


to time is called the acceleration. Thus, acceleration == £F zh = 28 In 
dt Хаг di? 
2 
our question, Dt = g and s—0, when 1-0. Also, E =0 when /=:0 ] 


9. (a) Show that the distance s, travelled in time г, by a body falling freely under 
gravity (due to a constant acceleration g) and starting with the initial 
velocity u is 


=ш + He ge 
| ны н а. и, when 1:0. Also, s=0 when =0. | 


(b) How long will it take for an object thrown vertically downwards from 
a height of 56.10 metres, with an initial velocity of 4m sec, to reach 
the ground ? Determine also the velocity with which it hits the ground 
(Take g— 9.8 m sec?). 


10. Find all functions f whose third derivative is zero for all x in the domain of f. 


[Recall that f" is called the second derivative of f. Derivative of f" is called 

the third derivative of f. We denote it by 7. In Le oniz'» notation, this may 
3 

be written as 2 = 0, where yf (x).] 


[We will see that the soletion of f (х) — 0 contains three arbitrary constants. | 


Calculate the signed area under the graph of the following functions between the indi- 
cated ordinates and above the x-axis. 


її. f(x) = 3х—=7; х=0.х 3 
ОТЕУ а I 


13. ¢ (2) = z34-5:2—22— E 42-41, 2=2 


14. f(x) = sin? T: х=0,х = 


nia 
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b 
Evaluate | f (x) ах for each of the following : 
a 


15. f(x)= v2x — SX. SS 
2 
2530 п 
16. f(x) = х ° + cosx, 4—0, b ==> 
Х3-р233-1 
TeX a= l, b= 
Ax a 4 
Evaluate each of the following : 
18. Ї Vx 92) ах 
3 
2 22122 x 4 
19, Є In > созу +1) dx 


20. | (3 cosec? x — 5x -- sin x) dx 


17. f(x) = 


21. | (eect x + cos x) dx 
e 
22. f( чох + cos х+х°) 


Evaluate each of the following : 


t 
23. See dx 


N 


sin x + 2 cos x) dx 


tn 


( 


г 
> 


sec2x +x? -2) ах 


= 
t3 


bo 
n 
Ou Ala о— мыя 
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л 
„аргы 23) 
26. | ( sin 2 — 908 dx 
o 


Integrate the following functions : 


4 


27. x3 —2sinx42 
1 5 
28. ES + sec?x4 5x 


29. cos X + cosec?x — х8 4-1 
30. xê — cos x+sec2x++/ x 


29.9 Key Concepts 


Area function Anti-derivative or primitive functions 


Area under y=f (x), The definite integral 
above the x-axis and 
between two given ordinates Second Fundamental Theorem of Integra! 
Calculus 
Squaring the Parabola P 
(Archimedes' Theorem) Properties of the definite integral 
— Additivity 
Integral as area —Linearity 
Integral Indefinite integral 
Integrar.d Constant of integration 
Limits of integration 4 > 
—Lower and upper limits Differential equations 
Interval or domain of integ-ation Second derivative 
Signed area Third derivative 
F.rst Fundamental Theorem of Velocity 


Integral Calculus 
E Acceleration 
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29.10 Suggestions for Further Reading 


Any standard text in Calculus will have materials on integration. We recommend 
the following : 


[3] of Section 8.6.. [1] of Section 18.7, [1] of Section 20.4, [1] of Section 21.9 and 
[1] of Section 24.5. 


The reader is also referred to 


[1] Р.В. Masani.etc. Elementary Calculus. Second Revised Edition. 
Popular Prakashan, Bombay, (India). 1975. 


UNIT XXX 


TECHNIQUES OF INTEGRATION 


So far we are able to intégrate a few, rather simple functions. We now 
learn some techniques of integration to be able to integrate somewhat more 
complicated functions which we encounter in mathematics and its applications. 


30.1 Introduction 


M 
The table of integrals of Section 29.8 helps us to integrate some very simple func- 
tions, viz., those whose anti-derivatives can be readily guessed. For instance, an anti- 
derivative of sin x is — cos x and this helps us to find the area under thc curve y=sin x 
between two ordinates. 
However,let us refer to Question 3, Exercise 25.4. The reader was asked to 
draw graphs of sin x and sin 2x on the same axes. (See Fig. 30.1) 
What if now we are to say which graph has a larger area under it, say, from x—0 
1 А " Ё 
to x 57 ? To determine this, we will need the area functions. Of course, we already 
know the area function of sin x. 
€ 
2 


Fig. 30.1 
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To find the area function of sin 2x, we need an anti-derivative of sin 2x. How shall 
we proceed ? 


A moments reflection suggests that an anti-derivative of sin 2x is —k cos 2x 
where k is a constant to be suitably chosen so that tne derivative of — cos 2x should be 
the original function sin 2x. 


Now, 4 (—k cos 2x)=2k sin 2x 
Thus, 2k=1 or, k = + 
Hence, an anti-derivative of sin 2x is — d cos 2x. Ifwe let Ау and A: denote 


2 


respectively the two areas from 0 to ын we have 


x л 
27 3 
A, = | sin x dx = — cos x |= — COS X — (cos 0)=1 
2 0 
ч ч 
227 2 
y 1 1 1 ks 
Ag = | sin 2x dr = —-;- cos2x |= — 5-c065-—4—5 cos0 | =1 
0 0 


The two areas are thus equal. 
й T " 3 
How do the two areas compare, say, from x = sas to хир ? The reader is advised 


to compute the two areas. 
What do you think will be an anti-derivative of cos 2x ? It is easy to show that an 


Eas $us 
anti-derivative of cos 2x is з sin 2х. 


We state the two anti-derivatives as formulae : 


| ва 2x dx E 5 cos 2х--С 


| cos 2x dx = E sin 2x Fe 
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We consider some more examples. 
Example 1: Find the area under the curve у = sin? x from 0 to x. 


Solution: Can we express sin? x as a function or a sum of functions whose anti- 
derivatives we already know ? 


We recall that 


я 1 
sin? x = —— 


Using Theorem 35, we have 


x x x 
| sin? x dx — [5 dx — =| cos 2x dx 
0 0 0 


1 


Ё Ш 
DS Sin 2x 


x 
Thus, [ sin? x dx — д. 125 + sin 2x 
0 


Remark : Suppose now that we are asked to find an integral of sin x?. By Theorem 
15, sin x? is ditlerentiable and hence, continuous. Thus, by the First Fundamental Theorem 
of Integral Calculus, | sin x? dx exists. 


Can К cos x? Бе an anti-derivative of sin х2, with the constant k suitably chosen? 
Let us see. Now, 


© (К cos x2) = — 2x (К sin x?) u) 


Thus k cos х? сап not be an anti-derivative of sin x? for any value of k. In fact, 
with all the techniques that we shall develop in this book, it will not be possible to express 
J sin x? dx ir terms of elementary functions known to us. 


8 
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Note: In (1), if we let k= —1, we obtain the following interesting result : 


IE: sin x? dx= — cos x? +c 


bove as a clue to integrate functions, such as, 2x cos х2, 


[The reader can take the a r 
uld give latera more systematic method of integrating 


2x sec x2, etc. We, of course, WO 
such functions.] 
Example 2: Find an integral of f (x)=* sin (х2+2). 


(x) is differentiable and hence, continuous. By the First 


Solution: Clearly, f 
us, therefore, f x sin (x2+2) dx exists. However, 


Fundamental Theorem of Integral Calcul 
it can not be readily guessed. 
to express f (x) as a derivative of some function. 


How shall we proceed? We wish 
t of sine suggests that we let х2--2--1, 


The fact that (x24-2) is the argumen 
sin (x2--2) can then be written as sin t. 


d 
Now, sin f=; (— cos t) 
1 4 24-2) = A — 
And, х => Gx (х2--2 7 dx 


ldt d H 4(-2 dt 
Thus, f(X) = 2 qx dt (= cos )= gr z cos (m 


which, by the Chain Rule, is 
13 م‎ 5 alls 2 
= ( 2 cos ) 1 | 2 cos (х2+2) 


1 ! 
Thus, | x sin (x2+2) dx = — 2 cos (x?+2)+c 


le 


2 
Example 3: Integrate J (х) = 2x (7+2 


Solution: Reasoning 85 in Example 2, let us try the substitution t=x?+2. 


dia 
We have Е 24 
3 22 E 
Eu 7 at 
Thus, f(x) = rl! TE 
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Now, we know from the Table that an anti-derivative of 


33 5 
nou cM Ur 2 2 
is ee 
2 
5 2 
2 MAT 011122: ( Why?) 
hun ci 7) 
By the Chain Rule, therefore, 
4 Н 
2 4 21 а 
2x (x2 + 2 eA RS 
e 2) dr ( 5 ) dx 
$ 
PH 


dE IHE 
"ue [s 94» 


tru 


Hence, an auti-derivative of St (x) is 4 (х2 + 2) 


3 
Thus, [ховч 2(7 4 G2? фе 


In the next section, we formally give this method of finding anti-derivatives oi 
certain functions, 


30.2 The Method of Substitution 


The method Suggested by the examples of Section 30.1 is to express f (x) as 


ло) coq # 


[ Ф (x) | as an anti-derivative of (х). 


where tis a suitable function o of x and obtain G 
he form of a theorem. 


We thus have a working technique which we state in t 
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Theorem 36: (The Method of Substitution) If a functi 5 
pressed as PSI MS. ве 


г) = )ع‎ E 

for some function t = 9 (x) so that an anti-derivative G (t) of g (t) is readily obtained, then 
G (t) = GL ¢ (x) ] 

is an anti-derivative of f (x) i.e., 


[ї(х) dx = f g(t) dt = G [9 (х) } —с 


Proof : The proof of the theorem is rather trivial. We have, by the Chain Rule. 


4 себ = [G0] 


ams diet dt 
= 9000) ds EET: 
= f (x) 

Remark: There is no “agic lamp’ rule to know which particular substitution 
would work ina given case. Only our experience and an eye on the Table will enable us 
to guess a possible and, hopefully, correct substitution. 

We consider some examples. 

Example 1: Integrate sin (ах--5), a == 0 


Solution: Here an obvious substitution is 


(SAX FD -J 
Then. EL 
i b) —sint eal ameti 
Thus, sin. (ax+b) = sint => dx 


р E 1 : 
Hence, | sin (ax +b) dx = ЇЕ sin! 3y dk 2 E t dt 


1 
— — cost + c 
a 


= — L cos (ex +b) + с 
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Thus, 
| sin (ax + b) dx = — i cos (ax + b) + e 


[ Can you integrate sin (ax + b) when a = 0?] 


Example 2: Evaluate | (ax + bm dx; а5 0, 12 — 1 
Solution : We let г = ax + b 


dt “ 
Тһеп, AE a 


1 dt 
T 4 == Ес = 2204 
hus, (ах + b)n ta 2 ГЫ BE 
Hence, | (ax + by dx = 22 | tn Ци 4х 
а ах 
п + 1 
Now, since n + —1, we know an anti-derivative of t" is : 


n+1 


1 (ах--Ынг 
Th ыг کک‎ лыг ا‎ 
us, | (ax + b)"dx 2 SCRI +e 


Remark : We have thus evaluated | (ах--Бууах for all values of n except the 


dx 
уаше л = —1. We will see later, in this unit, how to evaluate |= . 
€. 
Example 3 : Obtain an integral of sin x (cos{x)? 
dt 4 
Solution ; Substitute t = cos x. Then, КУРЛЫК sin х а 
а 
Hence, sin x (cos х)? = —12 cae 
i at 3, —— 12 dt 
And, | sin x (cosx)? dx = 1-1 d 4 = = 
Бае 


= — £ Xcos x)3 +c 
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Alternatively, we know that, 


3 5 ie 
sin x (cos x)? = (sin x cos х) cos x = > sin 2 x cos x 


= (sin 3 x + sin x) 


1 
4 
Thus, | sin x (cos x)? dx = 1 IE x dx + +) sin x dx 


- 4 cos x + c (Why?) 


12 osda cosx TC 
1 с 2 4 хт 
[The reader is advised to verify that the IWC answers are the same., 


Example 4: Find thc area under the curve y = мэх +4 above the x-axis 


between x О and x 4, Draw the region. 
Solution: We recall that у = 4/3 х + 4 ıs the upper part of the parabola 
у = 3x - 4 (Se Fig. 10.2). We have to find the area of the shaded region. ie.. 


Y: 


4 
КЕ ах. 
0 


we need to evaluate 
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We recall from Example 2, Section 30.2 that an anti-derivative of 4/3 x + 4 is 


> 2 
ША (3х-4) 7026 222 Ў 2 
3 3 = 25 (3х--4) 
2 
4 a 4 
GITE 2 2 
Мз х--4 dx = (3х+4) 
0 0 
3 3 
2 2 ZU 5 12 
=< E 222221(04:55) 558 
9 [ 16 4 ] 9 (6 ) 
4 
Lr D 
Thus, ve d= 1 
0 
Example 5. —valuate the definite integral 
2 
х 
| Gy © 
-1 
Solution: We lets = x*+i 
dt 
Thus, PEG 2x 
Xie. __ 018 2E 22-41 а 
And, Quy 2° RFI 2F as 
We thus have 
x 1 i) ee 
ЕСЕР : Пс клк. 
[е HY 1" Hi eye ae 
Seal EES El e 
= eee OD 


E 
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Alternatively, we note that 


whenx = — 1,1 = x? +1] -2 
х= —1 
АКЕ ESE AD =5 
x=2 
Thus, 
2 5 
xa Ar I 

12214528 е а 

— 2 


In the alternative evaluation of the integral we have made use of an important 
result which we state in the form of a theorem. 


Theorem 37: If f(x) can be written as e(t) 4 = =G ОР Тог some function 
t (x) ex and if a= Ф(а), P= ¢(b), [ i.e., as =a, (==0 and when x=b, 1-0 ] then 
В 
| fix) ax — | t at = GH — бб) 
а 


The proof is rather simple and is left to the reader as ап exercise. 


We consider some more examples. ! 


Example 6: Evaluate |4/cos 0 82040 


owania 
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Solution : We let / = cos 0 


Thus, d — sin 
When @ = 0, t = cos 6] =] 
When тээг e =0 
ME 
2 
NS 
2 


2210, 
Hence, [v 80 51180 dd = — [Ут (1—1) dt 
0 1 


18: ECTS 
= [(:2-:2)а 
0 


1 
25 2а | ^ш , (Why 2. 
Ц 


ын 
2 

Thus, | A/cos 0 sin? 6 20 - 
0 


0 ; 2 2x 
Example 7: Find an integral of ux +2 tan x F9) 


Y 2 х-р2) sec? х 
Solution: We have to evaluate Gur err dx 
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We first make the substitution t — tan x 


Then, ЕД = sec?x 
(3 їап?х-Е2) sec?x 3242 
Hence, Foose fan x9 dx = | (0821129) dt 


How shall we evaluate this latter integral in t? We make another substitution 


namely, we let 


u—8--2t4-9 
du 
ZI 32 + 2 
(302-2) 2 йу 771 
неке, omes | ао 


Substituting 8--21--9 for u and tan x for t. we have 


(3 tan? x+2) sec? х 1 
Їл Х--2 tanx4-9)? d E tanî x2 tan x49 + € 


| Example 8: Evaluate the definite integral 


ху 3 x—2 dx 


داس س 


Solution: Let us substitute t —3x — 2 


dt 
Then, dil 
“зур 22012 уу20402)/т 104 
Hence, x / 3x —2 = 3 ATE 3 uva 
ЗИК 
24 2 421 2 dt 
ini 9 dx 


Also, when x=], t=1 and when x—2, 1—4 
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5 
ITUR 42:22 
= 62 -0+6 7-0 | 4 
_ 1 62 |287]_ 326 
-4| 5 ЖЗ LH 135 
2 
А sem 326 
i.e., |ху 3x—2 dx= 1357 
1 
EXERCISE 30.1 


Evaluate each of the following integrals : 


x 
Б Tg pem 
УЗ ЕЗ 2 | сойх cosec?x х 


3. f cos*(ax-+b) sin(ax+b)dx 4. | xsin? (x2) cos x? dx 


5. f sectx tan x dx 6. [x4 2x+3 dx 2 
7. | 4х34/5-х24х 8. f cos8x sin'x dx 
dx 
гат Ю со y 
(L+sin х)? 


Evaluate each of the following definite integrals : 


(2) 


1 
2 

il. j- dx Ё 12. | x? sin (x?) dx 
0 


0 


15. 


17. 


19. 


21. 


23. 


24. 


25. 


26. 
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ET < 
8 4 
dx 
5 x—4 dx 14. | c 
4 0 
n E 
xod 2 
| eos» (sin 3 dx 16. | на 
0 0 
х mm 
227 2 
| cos*t dt 18. | sin®t dt 
0 0 
25 im 
2 2 
| cos?t dt 20. | sin‘t dt 
0 0 
HE AN) 
2 2 
| cos*t dt 22. | — see 
0 х! (с08-5- + 5їп-5- » 
4 
inate Et nan са с 
[ни‹: COS X = cos 7 sin 2] 
en: 
DEL dtm bri. 
jee dx 
от (1—cos x F 
Compare the areas under the curves y=sin x and y=sin 2 x above the x-axis 


between: х--0 and Ap Also compare the areas between х--0 and Эг 


Compare the areas under the curves cos*x and sin® above: the x-axis 
between x=0 and т. 
Find the area under the curve y —cos*x above the x-axis from Û to x. 


MATHEMATICS. 
à i x=0 to 
21. Find ‘the area under the curve y= sin x? above the x-axis from xX 
т 
ER x-0 102 


28. Find the area under the curve y=V6x-+4 above the x-axis from 


929 Find the area of the region bounded by the x-axis and y= + (2--3х-2х9) 
*30. Find the area under the graph of each of the following above the y-axis 
between! the indicated ordinates: 
4) у= 6—x , X= —2 and x=5 


Ni 
(—23» 


x= —4 and x = — | 


` 
Tz 


30.3 Integration by Parts 


How shall we integrate functions, such as, x sin x or xcosx? Neither the Method 
of Substitution nor the Table helps us. 


We develop below a technique for integrating such functions. 


Let us see if the rule for the deriv; 


E ative of ; heip us- 
We recall that if f (x) and g (x) are two k a product of two functions can 


ferentiable functions, then 
d 
a FOs@M1l=sfa)g 0+ F (x) g (x) 


Hence ад anti derivative of f(x) euni o eee Fb (3): 
Thus, 71709 O FF (x) 8) dx F(a) g (ху- с 
Бе SISO) 8 ( dx + ]/' x) к (ху dx = py g @)+C (1) 
Now, let f (x) = x and g (x) = sin x 
Then, f (x) g’ (x) =x cos x 
And, /' (х) g(x )= sin x 
From (1), therefore, 
јх cos x dx + [ sin x dx =x sine С 


ie., [x cos x dx — cos x =x sin x+C 


m —p- рее ур АА эшл... ГР” 
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Thus, fx cos x dx—x sin х--со8 x-- C 


[The reader is advised to use (1) and eval i 
t 

cUm uate f x sin x dx. Let f (x) = x and 

We rewrite (1)as 

Jf (x) g' (x) dx=f (х) g 09-08 (x) g (х) dx (2) 
Thisis the Method of Integration by Parts. Th i 
? e key is to write the Int 

f (x) g (x) such that f О) g (x) dx is easy to evi M 
rf ) asy to evaluate. Then use (2) to find the required 


We consider some examples. 


Example 1: Integrate x? sin x 
Solution: We would like to write x? sin x as f (x) g' (x) such that f f’ бүтэ 
x)dx 


is easy to evaluate. 
One choice is to let f (x) =x? and g' (x) = sin x, so that g (x)= — cos x. Also 
i ; 


f’ 0)=2х 
We now have 


f x2 sin x dx = x? (—cos x) — J2x (—cos x) dx 


= —х? cos x4-2[x cos x dx 
But we already know that [x cos x dx=x sin Х--сов x+C’ 
Thus, fx? sin х dx= —x2 cos x+2x sin x+2 cos x+C 


Remark: What if we choose to let f (x)=sin x and g' (x)=x?, so that g (x) 
= E 9 15 it possible to use the above method and integrate x? sin x ? 

ht choice of f and g' is, therefore, very important. Again, there is no 
o decide which function to designate asf and which as 8. Only our 


ht into the problem help us to make a ‘proper’ choice. 


The rig 
"magic lamp’ rule t 
experience and insig 


Bus 
2 

Example 2: Evaluate | x2 sin x dx 
0 
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Solution: We know from Example 1, Section 30.3 that an anti-derivative of 


X*sinxis  —x?cos x--Zx sin х4-2 cos x. Let us denote this anti-derivative by F(x). 
We have 


F(x) = —x? cos x--2x sin x--2 cos x 


The Second Fundamental Theorem of Integral Calculus (Theorem 34, Unit XXIX) 


" 5 ho sed 
tells us that if Fis an anti-derivative of a continuous function f, defined on the clo. 
interval ag x < b, then 


b 


| f(x)dx — F(b) — F(a) 
а 


Lu 


IE 


2 
Thus, | x? sin x dx = —x2 cos Х--2 x sin x4-2 cos x 
0 


OL JIN 


2 n 
-(- cos F + х зіп +2 cos 5) - созо 


ie, | x?sinx dx = n—2 


oS Na 


We thus see that we can use 
and (2) to express certain defin 
easy to compute. We state this r 


the Second Fundamental Theorem of Integral Calculus 


ite integrals in terms of other definite integrals which are 
esult in the form of a theorem : 


Theorem 38: (Method of Iniegration by Parts for Definite Integrals) Let f and 
E be two differentiable functions. Then, 
b b b 
| f (x)g' (x) dx = f(x)g (x) ] — | f'(x) g(x)dx - (3) 
а 
а а 


Proof: The proof is rather simple. We recall that EE is an anti-derivative 
of 


ТӨ08 (х) + Усу) 
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Thus, by the Second Fundamental Theorem of Integral Calculus, 


b 
[f(D g' + (х) в 69] dx = f(x) в 091 
а 


b 
о) (x) dx + | f’ (x) g (x) dx = (х) в (091 
а 


Cice et Sie 
тээ 


Trar sposing, we get 


b b b 

| сэв 0) dx =f (Dg (*)] — [^7 (х) g (©) dx 
а 

а а 


This completes the proof. 
Remark: Let us consider a function 9 (x) = g (X) +a, where ais a constant. 
Then ф'(х) =g' (x) 
By Theorem 38, therefore, 
b b b 
годе (91 — “(дө оа = [oema 
a a 
Substituting 9' (x)=g" (9 and e (x) = g (x) + e. we have 
b b 6 
[rog (ar = rennen 8-4 15 Jr 0018 (+e 14х 


а 


b 
EU + afe |- | f' 6) g о) dx 
а а а 


b 
= а [ree 
2 
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D b 
But, a [оа = ase | 
а а 
Thus, 
b b b 
[foe (дах ло) е w J- [rese 
a a a 


А : ауе 
It does not really matter if we replace g by ф in Theorem 38. We, therefore, hav 
an alternative form of the Method of Integration By Parts which we state as a theorem. 
The proof is rather trivial and is omitted. 


Theorem 39 : Let f be differentiable and let h be a continuous function. Ther 


b bb 
(i) fi (х) h (x) dx = [f (x) Sh (x) ах] | — | f' (x) [fh (x) dx | dx 
2 а а 


(i) [f (x) h(x) dx= f (x) [ Jh (x) dx] — ff’ (x) [ fh (x) dx] dx 


Tt is convenient to remember (ii) in words, We say 


Ї! (х) h (x) dx (Ist function) - (integra! of 2nd) 
[Ege 
ist 2nd 


= | (derivative of Ist) - (integral of 2nd function) dx (4) 


We consider some examples. 
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x2 1 × 
Example 3 : Evaluate لل‎ dx 
| A 2x41 
i 2 
Solution : We let х? -; x be designated as the Ist function and prar — - asthe 
M 2x41. 


2nd function. We use Theorem 39 and have 


CRI | dx 3 | : d. 
| ren = СЕЕ =) | - pem D| m |* 
2 


dx 
Now, [ает 7 E = Vox Fi 
Thus 
4 Pot 4 4 
xe x 2 L—— 
aces = ® Visti | - [extn МЗ х-ЕГ dx 
D 5 2 2 
^ 223 
3 0L6 3 |0 02 ds 
2 
5 
2x4 025 
Хоч 
2. со еу ie 
oo 
Ao quy 
5. 
2. 
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T 


2 
Example 4 : | sinê x dx 
0 


Solution: We write sin*x—(sin$x) x (sinx) and designate sin?x as the Ist function 


and sin x as the 2nd function. We recall that | sin X dx— —cos x+ C. Thus, 


cu 
2 


Em 
2 2 
| sintx dx = sin3x (— cos 21 - | 3 sin?x cos x (— cos x) dx 
0 0 


0 
Ke 
2 
=0+3| sin®x соз®х dx 
0 
дыз, 


=3 | sin*x (1—sin?x) dx 


QU 


=3 | sin?x dx—3 | ѕіпёх dx 


о— nja 
oy] a4 


a 
2 

Transposing 3 | sinfx dx to L.H.S., we have, 
0 


х - 


2 207 
4 | 8104 х dx = 3 sin?x dx 
0 0 
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But, ѕіп2х= Icos 2x 
2 
ud ui 
21 2 
Thus, 4 | ѕіпёх =| (1--сов 2x) dx 
0 0 
Us. 
2 
sy |o sin =] 
251521 273712 
0 
3) 4-355)-(0-229)| 
Ж 2 2 2 
ETE 
zu vl 
dU. 
2 3 
ie, 4|яи х dx= + 
0 
p. 
: 3 
xix 8 
Hence, | sintx dx= 16 
0 
л L3 л 
123 2 2 
Example 5: Show that | sin*0 40 -2| 81140 20. Hence, evaluate | sinê 40 
0 0 0 


Solution: We write sin = (sin8) (sin 0) and use Theorem 39. We have 


332 
2 
| sinê dà = sin 6 ( — cos 0) 


23 
- [e 1040 cos 0) (— cos 0) 40 
0 0 


о--ЗЧырГ 
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2 
= 5 | 81140 сов20 40 
0 


But, from Example 4, we know 


ud 
7 : 
5 -5 3 5n 
Hence, | Ы ра C ӘЛЕ 
, Hence Tres E egg S 


Example 6 : Integrate (14-х) cos x 
Solution: We have 


1 dx = (14-х) sin x — 
| ( +x) совх dx S ) 
ist 2nd 


2 
that [sivo 40 = de л 
0 
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3 


| En x dx 


Thus, | (1-Ех)) cos x dx = (14-x) sin х + cos x +C 


n 
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Example 7 : Evaluate | (1 +x?) cos 2x ах 


Solution: We have 


х de ‚у sin2x | 2xsin2x 
Jo» cos 2x dx = (1--x?) —, — [= « 
Ist 2nd 
1 GS 
=> (1-нх2) sin 2x -| X sin 2x ах 
сү) الرس‎ 
1st 2n 
Er cr —cos 2x cos 2x 
3 (14-33) sin 2x — [ (==) + [25 ж] 
= (esac 2х-- eh 2. 1 соз 2x d; 
; 03 } 1. xcos2x— > | cos x dx 
1 5 1 1 sin 2x 
= 22 ; 4 a 
2 z (1+8) sin 2х + > xeos2x— 4 —3 — +С 
Тһиз, 


| 


(14-32) cos 2x dx = t (2х2--1) sin 2Х-- i x cos 2x +C 


Remark; We observe that we had to integrate by parts twice to be able to 
evaluate the given integral. 


1. 
3. 
5: 


EXERCISE 30.2 
Integrate each of the following functions : 
(2-3) sin x 2. xicosx 
xî sin 2x 4, xsinnx 
x? cos x* 6. х? sinx? 
x20 cos x? 


7: 


[Hint; Write x?" cos xn xn xa cos хз. Take f(x) =x”, h(x) —x^'! cos х®] 


хёп-1 sin x". 
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4 
9 х? —3 sin 3x4-2 


10. cos 5x-L-cos 2x sin 2x—x*-r1 


Evaluate each of the following : 


ae 
2 
11. | xX? cos 2x dx 
0 
x 
4 
12. | (1—22) sin 2x dx 
0 
Ш: 
2 
13. | х5 siñ X3 dx 
0 
iz 
15 
14. | (x cos 5x —2 sin 5х) dx 
6 


euis 
6 

15. | (2-Е3х?) cos 3x dx 
0 


30.4. Logarithmic Functions and Their Derivatives 


1 
We are still not in a position to integrate functions, such as, x 


у £ DU Md. 1 
this section, we will study a function whose derivative is x 


or 


axdb 


2) 
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30.4.1 Logarithmic Function 


We give below a graph of the function 


(= = 


forx>0. (See Fig. 30.3) 


Fig. 30.3 


We now make the following definition : 


Definition 13: The natural logarithmic function", In, is defined as 
x 
In х= [| T dt 
1 
for x1. We note that In 1—0. 


1 
We see that Їл x represents the area under the graph of m x between the 


ordinates at 1 and x, provided that xc 
————————— — 
*'In' is an abbreviated notation for ‘log natural" or the ‘natural logarithmic function’. 
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For 0<х<1. 
1 
1 
In х--| е dt 
x 


1 
i.e., for 0<x<I, In x is the negative of the area under the graph of у= — 
between the ordinates at x and 1. (See Fig. 30.4) 


Fig. 30.4 


We thus have the following situation : 
Inx < 0 for 0 <x <1 
Inx = 0 for x = 1 
Inx > 0 for x > 1 
It may appear at first that we cannot say much about this new function because 
we do not know how to find an anti-derivative of + Be stip weveryias we shellisee, the First 
Fundamental Theorem enables us to derive several beautiful properties of this function. 


30.4.2 Properties of the Logarithmic Function 


d 1 
PI. dE (In x) — x 
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This follows directly from the First Fund i l 
undamenfal Theorem, since xod continuous 
for x > 0. 
Remark 1: It follows immediately that /n x is an increasing function, since its 
э 1 
derivative, 1. ‚ is always positive. 


у Remark 2: Ап immediate consequence of Remark 1 is that Їп x = In xa if and 
only if x3z£x;. à 
Remark 3: It is clear that In x, for x >0, is a continuous function. (Why ?) 

ЭРИП. dn(ab)— In atin b,a>0, b>0 
Let us first conser the case when a > 1, b >1 
ab 


Then, In (ab)= j+ dt 


a ab 
=| dt4- [5 а 
1 а 
ab 
=Ina+ [+ dt 
2 (1) 
ab 
ЈА 


In (1), let us consider T dt 


aco 


= t 
Let us substitute y = Ж 


Тһеп, 2- i 
Now, when / = a, y=1 and when t = ab, y=b. 
ab b b 
Thus, |5 агь [of dy = inb 
1 


а 1 
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Substituting in (1), we get 
In ab = Ina + in b 
[The reader is advised to furnish similar proof for other cases of a and b.] 


РШ. In (5) = ша — in b, a>0, b>0 


We write, Ina = In (5-5) 


By P П, we have In а = In (+) 4105 


Thus, In (+) =Ina—Inb 
which proves the result. 


PIV · In(a")=n Ina, п a positive integer, a > 0 


[The proc? of the property follows immediately by repeated application of P II and 


is left to the reader as an exercise.] 
PY. In ( а ) E In а, where p and q are integers-with q 0 and a>0 


We prove this property for the case when p and q are positive integers. 


. We let b= а 
Since а>0 and 4 is a positive integer, it is clear that b>.0 
‘Now, Peat 
2 
Thus, in ( “) = In Б? = pln b, by P IV 
Alo, f = а 
Thus, In a = q In b, by P IV 
v ofa Ina 


“Hence, In b= — 
j xi 


(2) 
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Substituting in (2), we have Me 


wes 
in (a 8 )- Zina 
q 
[The proof of. the case when p and/or qis negative is left to the reader as an 


exercise.] 
Let us now see how In x behaves for large values of x. 


Let us consider x22 
Since in x is an increasing function, it follows that for x > 22 


Inx Dain2 
Now we can take i? 88 large as we want. Also In 270. It follows VM that 


Lim In x=o 
X-» 00 


[We leave it as an exercise for the reader to show that 


Lim inxe--co 
x04 


by considering x < 27, etc.] í ын 
We can make use of the above properties and draw a graph of y—ln х.| ^N 


(See Fig. 30. 5) 


Ев 30.5 : Graph of y ахо 


entirely to the ‘right of. їе y-axis зіпсе, Inx » defied only for 
Wied crossing the x-axis at. Ён шини In: es 


The graph lies 
x> 0. Forthermore, it is Сал 
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Since Lim 1а x-oo, it is clear that the graph of y=In x crosses апу given horizontal 
x>% 
line above the x-axis. Similarly, since Lim ln x=—oo the graph also crosses any given 
х-»0-- 
horizontal line below the x-axis. 


Further, since In x is continuous, it is intutively clear that In x takes all real values. 
This means that given a real. number ‘b’, there exists a positive real number ‘a’ such that 
in a=b. 


Remark: We have seen that In x is defined for all x>0. What if x<0? 
When x<0, In | x ! has a meaning and we have 
X In | x | = In (—x) 
d d 4 1 
ЦЭН) : x (n [х [= ax In (-x)— = 
We see, therefore, that for all x, positive or negative, 


a 1 
ЕХ |с 


Непсе, [= ёх= In| x | +С 


30.43 Derivative of Logarithmic Functions 


We can now use our knowledge of the derivative of In x, the derivative of 
the composite functions and the derivative of the sum, product, quotient etc. to differen- 
tiate a large class of logarithmic functions. Let us consider some examples. 


Example 1 : Differentiate f (x)—(In x)? 
Solution : Since f (x)—(In x)*, we use the Chain Rule and have 
; d 
f (x)=2 (In x) TE (In x) 
d 1 
But, gx n x) === 
, 91 
Thus, f'(x) =2 (In x) (+) 


= 2 es 
x 


TECHNIQUES OF INTEGRATION 
357 


Example 2 : Find the derivative of x? In x 


Solution: Letf (3)2x* In x 

We know how to find the derivative of the product. Thus we havc 
7 4 а 

f =e (n ®+Ш 5 (х2) 

Now it is easy to see that 


то) =x Q9lax 


=x+2x ln ¥ 


Logarithmic Functions and Integrals 


e to find the area under їйе curve y= 
anti-derivative of In x. 


30.4.4 
In х between two given 


We would now lik 
We, therefore, need an 


ordinates. 
continuous, ап auti-derivative ofin x exists. Let us study the follow 


Since In x fs 
ing example : 


Example 3 : Compute f in х dx 


Since we do not know any anti-derivative of In x, we evaluate thi 
e 


of integration by parts. 
n x) (1) and designate 1 as the second function 


Solution : 
integral by the method 
We write the integrand In x as (1 

We have 


a 
jinx dx = f бах)! dx =кюх-| *(-)& 


= хЛах = Ј 14 
хах х +С 


нае взеха 


We consider another: example. 
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Example 4: Evaluate | x In x dx 


Solution: We integrate by parts and have 


53 2 
| x n хх = (nx) 3 - |= (i)& 


х? 1 

uem Ш jb 

RUIN i (Ж 

Eg тШ (22) +с 
Thus, | xin x dz = ын (2inx — 1) +С 


It is remarkable that we can integrate certain trigonometric functions with the help 
of the logarithmic function. We consider some examples. 


Example 5: Compute f tan x dx 
Solution: We have 


f tan x а= |222 dx 
cos X 
dt 
We let 1=cos x. Then, = =—sin x 


dx 
Thus, f t me usmix, p. e i= 
5,| ап x dx єх ^ In|t| +€ 


Hence,* ftan x dx=—In | cos x | +C 


sec?x 
tan х-Е2 


Example 6: Integrate 


Solution: We let? = tan x--2. Then, 4 =sec2x 


Thus me = [ra 


tan x+2 t 
=in|ż| +C 
see*x ; 
Hence, iem dx —in | tan x+2 | +C 


“This integral is valid only in those intervals where cos x does not take the value 0. 


[22 
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he above two examples, the numerator is 


Remark: We note that in each of t 
expressible as the derivative of the denominator. The substitution, t—denominator, helps 


us to compute the integral. This suggests the following important theorem : 


Theorem 40 : | zo dx=In | eG) | +С with the integral being valid in those 


intervals only, in which ф(х) does not take the value zero. 


This theorem helps us to integrate functions which can be expressed in the form 


eo) for some function q(x). We consider some more examples. However, we will 


e(x) 


not bother to state the domains of integration. 


Example 7 : Integrate sec X. 


We would like to be able to use T. 
tan x) We have 


Solution : heorem 40. The ‘trick’ is to multiply 
and divide the integrand by (sec x+ 
ре x(sec x + tan х) 

[сол 2 | (sec x-++tan x) 


Now, we see that 
15 (sec x + tan x)=sec x tan X + sec? x 
=sec x (sec x + tan x) 


'(x) d: 
Thus, [ес x dx = | ro 


where 9 (x) = sec х+тап x 


By Theorem 40, therefore, 
f вес x dx = In| sex + шах + C 


1 
Example 8: Integrate 45° a0 


2 1 а 
Solution: We write тахь. -4 ax+b ) 


Since 2 (ux+b) = a, Theorem 40 tells us that 
53 


(ssa | ax-Fb | +С 


ax+b 
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m x4-3 
Example 9: Integrate XEL6x-b4 
Solution: We let t = x2+6x+4 


Then, «йш 2x+6 = 2(x4-3) 


ах 
Thus, 1522; dx= | 
=m |r| +c 
Hence, | GI dx — + In | х24-6х--4 | -С 
Example 10: Compute um. dx 


Solution: Since sin 2x — 2 sin x cos X, we have 
sin 2x—sinx ^ ^ 2sinxcosx-—sinx 


sin’ x+cos x+3 ~ 8шдх-Бсо5 x43 


ши 
٩)) ° 


where Ф(х) = sin?x+cos x43 


| sin 2x—sin x f 
N = ue eres de 
EXERCISE 30.3 


Prove that In ( af ) = — = In (a), a>0, p>0, 4>0. 


Find the derivative of each of the following : 


In 5x 3) 


(In х2)5 
In (sin x) 5. In (cos х2) 
sin x In x 7. (1-+x?) in 2x 


(1—3х5) In (tan x) 9. cos (In x)? 
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10. x?In 5x—In (cot x)+5 In x 


2 
(In x) 


11. 
x 


12. In (x*2-5x-4-2)— sin [In (x?—1)]4-8 
Compute each of the following integrals ` 


13. fx? In x dx 14. [1а (54-t) dt 


15. J x8 In x dx 16. 
In (x+2) 5. dnx x 
17. | 0+2) JE dx 18. |— 


2 cos 2x --sec?x 
: 2:005 20582 
19. | cot x dx 20. [ss SER R5 dx 


6x—8 
3х2—8х+ 5 dx 


9 

2i E. x--sin X-F2X gx 22. 
cot х+с05 x—x? 

cos 2Х--Х- 1 

х2--5Ш 2Х--2Х ” 


x3— 3x? +x 
LEX E , 
23 ЇЕ aper 24 


Find each of the following integrals : 
25. [In (4—x) dx 26. | In x dx 


2x+9 Я 28 tan 2x dx 
27. an^ ! 
29. [созесх@х 
[Hint : Multiply the numerator and denominator by (cosec x—cotx)] 
30.5 Integration of Rational Functions. Partial Fractions 
lynomial functions and some simple trigonometric 
(Example 9, Section 30.4. 4) we have also integrated 
Such a function is called a rational function. 


So far, we have integrated po 
Asan isolated example, 


functions. 
polynomial functions. 


quotient of two 
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If the degree of the denominator is greater than the degree of the numerator, we 


ae : 
€all the function a proper rational function. ER is a proper rational function, 
Еш ынк i i Ifthe degree of the denominator 
while XT x] iS ot a proper rational function. gre 


j5. however. less than or equal to the degree of the numerator, we may use long шо 
to express a rational function as the sum of a polynomial function and 4 proper rationa 


2 
function. Thus, p can be written as 


DX 
(el) + ER т 


which is the sum of a polynomial function and а proper rational function. 
We recall, from earlier classes, that we can add two rational functions, say, 


TID and -5 and write 


х— x 
22200325 E Азу Дх 
x—3' x—2 (Х-3)(х-2) x —5x46 


3 5x—13 
УША and хэ are called the partial fractions of Х8-25х- 6” 


In this scc tion, we will develop some techniques that would enable us to write.a given 
rational. function as sum of its partial fractions and then learn how to integrate rational 
functions. 


We consider some examples. 


3 Ain 
Example 1: Resolve 38: 


x into partial fractions. 


Solution: We note that the given function is a proper rational function. We 
X Proceed to feicrize the denominator. We have 
Э8-032-0бх сох (к) (4 23 


اح در 
ی 
Х(Х--3) OFA‏ 
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We write the given function as 


xji—-x-l _ 4 B G 
G-GA x  x-3 х+2 а) 


where А, B and C are constants to be evaluated. How shall we ў 
: С : . evaluate th 
If we combine the fractions in the R.H.S. of (1), we get Je abge: 


А (x—3) (х+2)+Вх (х4-2)4-Сх (x—3) 
x (x—3) (x4-2) 


Thus (1) can be rewritten as 


xi-x—l  . A (x—3) (x4-2)2- Bx (x+2)+ Cx (x—3) (2) 
х (x—3) (х--2) x(x—3) x42) 


and C, therefore, in such a way that the numerators in (2) 


We must choose А, В 
ally. In other words, we must have 


identical (since the denominators already t 


are 
xi—x—1—4A (x—3) (х+2)+Вх (х+2)++Сх (х--3) (3) 


for ай values of x, and hence, in particular, for specific values of x. 
In (3), therefore, we let 


—0. Then, — 1= — 6A. Thus, А= + 


x=3. Then, 5= 158. Thus B= 4 


ze-2.Then, 52 10C, Thu» C— I 


We substitute these values of A, B and C in (1) and have 


xm ls Тзв тоа 
—3—52-6х 6х + 36-3) T 20-2) 


2xi--x9-p3x*-l ; ч 
Example 2 : Resolve ae т into partial fractions. 
Since the degree ofthe numerator is greater than the degree ofthe 


Solution : 
denominator We use long division and have 
2х4--х84-35241 21054155 5878 2х3 
=+2— "эйту E 


2х*+Х—\ 
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2x—3 


Now we proceed, as in Example 1, to resolve 2x2px—, into partial fractions. 


We have 2x*--x—1= (2x— 1) (x+1) 
Thus, we write 


22-95 IN Кв (2) 
222 +х—1 ^ 2х-1 x4l 


where А and B are constants. 


We can rewrite (2) as 


2x—3 _ А(х+1) +B 2x—1) (3) ` 
2х#+х=1 ~~ Ox) wet) 


In the numerators of (3), we let 


Хэ-1, Then, -5----3В, Thus, В-- = 
1 PANE = 4 
¥= 2. Then, —2= 7 А. Thus A=— 536 
Hence, (1) can be written as 
2x5--x3-- 3x2.) 1 Е 4 5 
а ону 025 GET) 


Example 3 : Resolve Сы 


i i tions. 
(—1)2 (x + 2) _ into partial fracti 


Solution : We write 


E NEL B c (1) 
к= = nq G= + x42 


p 
Hence, 2x2 4 x +1 


li 


A (x—1) (x + 2) + B (x4-2) + € (x—1)? (2) 


In (2), we let 


ll 


*=1. Then, 4-—3B. Thus, B= 


x =— 2, Then, 7 = 9С. Thus, C= 


| оь 


x = 0. Then, 1--2А-28-0С 
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8 7 22 
Thus, = т == = — — == mm 
us, 2А-28-0-1 3 F 9 l= 9 


11 
Hence, А = come 


(1) can, therefore, be rewritten as 


252 осе И Ж.Ш di 4 7 
C= (42) 7 3(—1) 3(5-18 + оуу 


30.5.1 Integration of Rational Functions 


A We have seen how to resolve rational function into Partial fractions. We are 
thus in a position to integrate a very large class of rational functions. We consider some 


examples. 
SEI ^ 
Example 4 : Evaluate | FFI dx 


4 E А х +1 
. Solution : This rational function SENI. CH» of course, be integrated 


by simply letting 


1= 2x +7 
Then, fo = 2x+2 = 2(x4 1) 
Thus cee Ee лет 
І 98, Hence, | Ztl y de= 1 |* 2x +7 ч С 
$ Example 5: Evaluate ja dx í 


Solution: We resolve the integrand into partial fractions. We have 


_х-+1 x+1 УЛЫА ли. (1) 
х8--4х-43  (Х-5(х-41) х--57Х-1 


A(x— --B(x--5). 
— (х-55/(х--1) 
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Thus | x4!—A(x—1)4-B(x-5) Q) 
In (2), we let 


x=1. Then 2—6B. Thus, B= 
2 
x=—5. Then, —4——6A. Thus A= "р 


Hence (1) can be rewritten as 


RE 22112 1 
XEÉFAX-S — 3(х+5) + 361) 


fui e 2 1 
Ano | х*-4х—5 a=] les + x | 


TX3- |ы + з | = 


Ч I = 2 ini xt5 14-р Ini x11 +C 


455 
7 е: ѕіп 0 соѕ 6 
Example 6 : Evaluate ст: 0-2 dð 
Solution: We first let t—cos 0 
Then, z =—sin 6 
Thine f SRO cos 0 t dt (1) 
ИД; dee 9—2 dec | 8-1-2 
Ууе consider the integrand in the R.H.S. of (1). We have 
е) : А B (2) 


E2 ED) 1201 


AE (3) 
Thus, t=A(t+1)+B(t—2) 


In (3), we-let 
Ye 1 
i= -:1. Then, —1=—3B. Thus, B= а 


$ 2 
1--2, Then, 2=3A. Thus, А= = 
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Hence (2) can bo rewritten аз 


1—5 ETT 
жол” HD ° 30+) 


(1) thus becomes 
dt 
sin 0 cos ё E- 255-6 
Біз с #7 з3)1=2 ЗШЕ о 
21ےے‎ —1ш(@+)+С 
Thus, 
1 
= 50--1) -С 
ЇЕ cos 0 дад ш | cos 0-21 -3 In(co 
Cc0s!0— cos 0-2 3 


2x xl. 
Example 7: Integrate (x_1)%(*+2) 


5 and have partial fractions of the 


{ол 30. 
Solution: We refer to Example 3, Sectio? 


уеп rational function as, 


T 
4 
prc LI 
(x—0 0-2 8-1) 3 ) 


Thus, 
| (4 el 
[s dx zu GED Ead 
(x—1)&x 4-2) 9 


02-28) 1 
4 (х—1) T | х+2|+С 
HET Iu 22) +9 
20 
ЫЫ Е 
і 2x3 11 х-11 5521) In | x+2| + 
ie, (28th ас, 8! X 
Jo eem 
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EXERCISE 30.4 


Integrate each of the following E 


L 2х+5 2x13 — 
~ oxi—-x—2 6x14-13x—63 
3 3x—1 4 5x—16 
"ox$—1 ` $xi—8x 
5 DONNE 6 11x+6 
` 6x2+7x—20 * 10x?-- 11x+3 
7. 26x+6 8 17х-2 
8-10х--3х2 ` 4х8-1х-2 
Су ошый 10 2х2--4х 
1—х? ° QxX4) G1) (+2) 
11. 5x34-18x*—10x—6 1 3xi--2x—4 
x (x--3) (5x—2) 1. (xi—4) (F1) 
1з. .12€72x—9 14 Ap x8+ 2x84 ax 
(433—1) (5-3) de xecrD 
2x?—3x1— 9x-- 1 11x48 
15. —3d-x-1 16. xa (3x +8) 
2x - Ax-plperll _ 
17. (2x31 18. (2x43)? (x—2) 
дә. 55218517 ш езт 
` QD Q3) " x) xD 
ү 2185109 E 


(x-4-2)- (3x35) 


30.6 Exponential Functions and Their Derivatives j 


| 
: 3 : : i i ted t 
Tn this section, we will define yet another important function which is теа! 
operties of this пе" 


the natura! logarithmic function. We will also discuss some pr С 
function. But before we do so we need to develop the concept of inverse functions. 
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30.6.1 Inverse Functions 


Let y=f (x)=3x-+1 be a given function. We recall that f(x) is an increasing 
function of x. 


What if we reverse the roles of x and у, i.e., if we write x аз а function of y? How 
would we do that? We solve for х in terms of y. We have 


37-51 


х=—— 


ie., we have a new function g{x) = х1 [ог g (у) = nl 


‚ for that matter]. 


It is easy to verify that g (x) is also an increasing function. 


We now ask a very natural question. What kind of relationship is there between the 
functions f and g ? 


We note that 


fig œ] = 3 к (x) +1=3 ( ах EE 


= х-1+1=х 
ie, f[g(x)]=x 2 
Similarly, #1700 = E = Hot „ 
ie, ЖИ] =х 7 


We thus make the following statement : 


If f and g аге two functions satisfying (1) and (2), then f is said to be the inverse of 
gand comversely. The example above tempts us to say that increasing functions kave 


inverses. 
We draw the graphs of f (x) = 3x+1 and g (x) = = L Gee Fig. 30.6) 
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| : 
Fig. 30.6 1 


es of each in other the line у=х, ї.е., | 


We observe that their graphs are mirror imag 
x and conversely. } 


g(x) can be obtained from f(x) by taking the image of f(x) in the line y— 


1 2x+3 
Example 1: Find the inverse function of f(x) = XAR 


We consider some examples. пи 


30.6.2 
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Solution: УУе wish to find the function g such that 


g [f (x)]=x=f [g (x)] D 
Ме let y = t 3 - Solving for x, we get 
| 4y = 2x43, іе, х = 25 
Thus, we let g (у) = e 
Hence, the inverse of f(x) — 23. is g(x) = aS 


The reader may verify that g (x) indeed satisfies (1). 
Exponential Functions and their Derivatives 


Let us examine the graph of f (x) = In x. (See Fig. 30.7) We recall that it is an 


increasing function. Thus, it is reasonable to expect that it has an inverse. 


' Let us take its image in the line y=x. What we get is the graph of an extremely. 


important function, which we denote by g(x) = exp (x) and read as ‘exponential function 


of x.’ 


The function exp (x) is defined for all real values of x. 1615 clear from the graph 


that it takes all positive real values. 


Further, this function satisfies (1) and (2). 

їе, #[/(х)] =x 

Thus, exp (ln x) = x, x > 0 

And, f [ g (x) ] = x. Thus, In (exp x)=x for all x 

It follows, therefore, that In [exp (1) = 1 Usually, we write, exp (1)=e. 


Clearly, e^ 1. : 


Also, In [exp (0)]=0. But In 1=0. Hence, exp (0) = 1. 
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Fig.307 2 


БАД е 
We now have the following important theorem about the derivative of th 
€xponential function. 


Theorem 41 : E [exp (x)] = exp (x) 


i.e., exp (x) is its own derivative. 
Proof: If we let 

J (x) = In x and g (x) = exp (x), 
then we recall that 

g Uf (x) ]=x, for all x>0. 
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Using the rule for the derivative of a composite function, we get 


g IWI = a 
But, /' (х) = L for all x>0 
Thus, (1) gives us 

1/1) = 


i.c., g [f (x) ]=* 
g [/(х)] =x. Thus (2) can be rewritten as 


Q) 


But. 
gf] =slf) (3) 


Now, since f (х) takes all real values when x 


#0) = 8 0 


takes positive values, (3) gives us 


i.e., a | exp (x)] = exp О) 


An immediate consequence of this theorem is that exp (x) is its отт 


Remark 1: 
anti-derivative 
fee [ехр (x) dx = exp (х)--С 
Remark 2: Another consequence of the above theorem is that exp (x) is ав 
x — + oo and exp (x)>0 as x— — со 


increasing function of X. Moreover, exp (x)-7 00 as 


30.6.3 Properties of the Exponential Function 


We give below some of the properties of the exponential function. 


*pÍ exp (x+y) = exp (x) exp (y); for all x and y 
[exp (х) J" ; xor all x and n a positive integer 


PII exp (mx) 


*Proof of РЇ: 
Since, In [exp (*'! У = її? ) 
ХХ — In [exp (x) j + In lexp (у)! 
— In {exp (x) exp О)! 


Thus, exp (х +y) = ۶ (x) exp (У) 
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[exp (x) 1 ™; for ail x and m positive integers 


РШ exp (2) 


Үр: 
РГУ ехр (2x) [ exp (x) ] Ч ; for all x with p and q as positive integers 


and q z 0. 
PV exp(—x) = zl. 
P exp (x) 
PVI exp (x) is never zero. 
р 


PVII, exp( 2 x ) = [exp (х)] 3; for p and q as integers and q ~ 0 


Р. 
PVIII (2) =e 4 


[The reader is advised to furnish a proof of each of the above properties on the 


lines of the proof given for PI.] 


It is clear from the above properties that the exponential function coincides with 


Powers of e for rational numbers. 


Also, by Theorems 41 and 15, exp (x) is continuous for all x. 


Thus, exp (x) can be thought of as ех, PI through PVIII simply become, then, 


properties of surds, 


We also have from Theorem 41 and Remark 1 that 
d ко uox 
"dx (е) = e 
х х 
And, fe dx =e“ + C, C a constant 


Using the exponential function and the logarithmic function, we can now define а 


Whole class of new functions as follows : 


Definition 14: Assume а >0. We define the function а^ as 


x xlna 
а =e 
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We note that 
xlna xlna d 
(e ) =e Эр (xIn а) 


Thus, x^") = a* Ina 
dx 
In other words, 


An anti-derivative of a” In a is, therefore, a 


ЇЕ a* 
a dx— Ina TC 


We consider some examples. 
Example 2: Find the derivative of 
(ii) e sin x 


Oe” 


Solution: (i) We let 
fi) me 


2 
ух) =e o = е 


Thus, 
(ii) We let 
xX sin x 
= е 
dy xsinx d : 
Then, йе =e Uds (x sin x) 


dy 6 SI Y. (x cos x-Esin x) 
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Example 3: Differentiate ceu 2x 
Solution : We let 


ODE ас 


. з а 2x 
Then, (= ЫН -8- (sin 2x) -3ш2Х-202 ) 
2x 4 2x 
= e^" (2 cos 2x) + 2 (sin 2x) e 
2x i ‚+ 
=e [2(cos 2x+sin 2x)] 
Thu: Ду == i 
5, F(x) —2e'^ (cos 2x-Fsin 2x) 
Example 4: Find the derivative of 
à) 2* (о cae) 
(iii) e” sin 3* 
Solution : (i) We let 
yes 
Then, -dy 232102 
ах А 
(ii) We let 
3 
Де = 25, 20-3) ГЭ 


Шер, oo) 25-84 sted) ) + С) E (2) 


Ly [^93 d 


-2-120683) 1] 4 e203) гох in 2] 


Ly Аа) 21 + 2Х,20х--3) ш2 
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(iii) We let 
у= e” sin 2E 


dy Е а c : dip x 
Then, = = e * (cos 3*) EC 87) + (sin SP Яг (е^) 


1 


е х (cos B2 ge In 3 + (sin 37) ех 


і.е, 2 =” [ 3* cos 37) In 3 + sin sj 


dy 


x 
Example 5 : If y=x where x is positive rational, find dx 


Solution: Clearly, the rule for the derivative of х" can not apply. We use PV 


of the natural logarithmic function and have 


In y=In x7=x In x 


\ 


а 4 
Thus, gun y) ZE (x In x) 


x (<)+ (п x)(1) 


\ 


= 1+Inx 


Thus, 2. =y (1+ х) 


ог, Y= хх 14483) 
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Example 6: Integrate xe х 
Solution : We use the method of integration by parts. We recall that 


fe'dx—e". Thus 


J xe dx = gp e" ах 


= x2 ех —2[хе dx ў 
We integrate by parts once more and have | 
fxe ds = xt её^—2.[ хе^—] 1. (6) dx] а 
= х%е^—2х eU 267 + C 
Thus, [х®е*ах = е (x2—2x+2)+C 
EXERCISE 30.5 
Find the inverse function of each of the following : 
1. fix) = 2x+6 
2. Ду) = =>? 
3, fix) = X=! 
Differentiate each of ihe following : 2 
4. p 
s, ims) ч 
6, e cos x 
7. sin x е0 * 
8. sin (e) 


9. міх. id 
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2 
10: lh A ah 


11. (sin 2x+cos 3 


м1 
е 


12. .tanx 


Find on in each of the following : 


dx 
13. xe +Inx=0 
x2 
14. ye +tan x-+In (sin х) = 0 
p 2 
15. ye +e =0 


16. ye + 2* sin X — cos y 


Integrate each of the following : 
17. 0259 е^ 

18. 144) е" 

19. xe 

20. x'e 

21. esin x 

22. e*cos x 

23. ё“сов 3x 

24. e * cos х 


25. 2х3є 
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MISCELLANEOUS EXERCISE УШ 


(On Units XXIX and XXX) 


Find the area function for each of the following functions from the indicated first 
ordinate. Verify that the derivative of the area function is the function f(x). 


E f(x)e5x—17x-—4 
2. f(x) = —6x+8, x = —7 
3: f(x) = —4x—5, x = 6 


Find the area function for each of the following functions from the indicated first 


Ordinate using Archimedes method Verify that the derivative of the area function is the 
function f(x), 


4. х3-5х,х-з 3 


6. x*—6, х= 5 


х 
Evaluate | f(x) dx for each of the following for the indicated value of a. Verify 
2 , 


that EJ | f Gods ] = f(x) 


a 
7. f(x) = 5х—8, a=3 


8. f(x) = —4x+2, a —5 х 


9. f(x) = —x+6, а- 0 
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6 


10. Let f(t) = t?—1--1. Evaluate | f()dt. Verify that 
x 


6 
| fada = fo) 
Р.5 - 


Integrate each of the following functions : 
11. 3x3+5 sin х ч 


2 1 
==: gat 
12. x ++cosec? х x 


13. —3 sin x+2 cos x— 4раз 


28 
х 


х5 ms 
14  — 1+4 sin > 2 cos 


Calculate the area under the graph of each of the followi i 
: р ng functio 7 
the x-axis between the indicated ordinates: 5 3 Р ныг 


15. f(x) = 5х—8,х = 0, х = 10 
16. f(x) = з—х%-Е28; v= 1, 5 =4 
17. f(x) = 2x +x —5; x = 0, x = 1 


18. Дх) = cos +sinx; x =0, х= ят 


19. у(х) = (х2--2)2+2х:х = 0, x= 2 


Evaluate each of the following : 
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eum 
4 
22. | (4 cos х—6 х5--я5ш x) dx 
0 
44. 
2 
т E Ee 
23. | (sin cos > +x 1) dx 
0 
Re 
2 
24. | (х2—5іп x+cos? x) dx 
0 
т 


25. | (sin x+cos? x--sin? x—1)dx 


Integrate each of the following : 


1 3.4 
2( ;7)4 
26. x 1+ х 
a7, Cu 
Vx 
3 
28. 5 
ГДЕ 
29. хз 


31. 2x sec? (х2--3) tan (x2+3) 
32. созес! x cot x 

сан 

sin?x? 


24. sin 4x cos 3x 


1 SOR 
35. Ка БП Со: 
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3х--5 
(3x2 + 10x + 2)! 
37. xsecxtanx 
38. x sin 2x 
39. 87x23 
40. x5 cos x? 


41. (2--7x) (cos бх) 

Evaluate each of the following : 
2 : 

42. | 2x din 
42 (х2— 1)27 
У2 

аз. | гэжж 
0 


28. 
2- 
44. [ x? cos x dx 


1 
45. | (4x+3)5 ах 
9 
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x2 (1+x3)8 dx 


50. Find the area under the curve y=x?+7 above the x-axis from x=0 and x=2. 


à =Ù 
51. Find the area between the curve y=sin 2x cos 2x and the x-axis between х 


т 
апа х= xd 


п 
1 XE 0 to 
52. Find the area under the curve у--яїл 2x 4-cos 2x above the x-axis from 4 


XI есп 
: us the x-axis betw 
53. Compare the areas under the curves y=sin x and y=cos x above 


0 O 


-axis between 
Compare the areas under the curves cos x and cos 2x above the x-axis be 
т 
0 and 2~. 
3 


'x-axis between the 
55. Find the area under the graph of each of the curves above the x-axis 
given vertical boundaries: 


(1) у = 3--х—2х° from x = --ltox = 0 
(ii) y = х® + 6x2 + 8x fromx = —4tox 0 


Differentiate each of the following : 


X+4 
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59. 2 In x + In (sin x?) + cos (In x) 
60. In (In x) 


—Х cos x 


Gb (13553 зое + In 3x 


62. In (sec x + tan x) 
63. In А/ 15560850 
14-с08 x 


Find Ду in each of the following : 
dx 


64. ху -ylnx =0 

65. хіх +e” sin x + 2x = 0 

66. е? In x + y cos x + tan(xy) = 0 
2x 


67. х? гэл уа =] 


68. In (sin x)+cos (xy) +e" =0 


Integrate each of the following : 


*69. sin (In x) 
*70. “х In 3x 
71. In (cos 2x) sin 2x 
72. суул 
1—sin x 
73. x--cos х 
1 
7& vinx 
75. 2 
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23 
437727 
тле 2 
: I+ x3 
à 4 созес? х 
7. Тф cote 5 
NENAS sec 2x tan 2x TET 
185 E 2sec 2x 
e 
(79. (1-х)їшх t + АШАА UE 
к 80 cos?x . 
$0. e sin 2x 


s, М пх 


шэнэ 
Zil, 
5 в. e “+I 
CUTE TT aera - 
ro att 
d 4x 2 
(1-Fe ^) 
; 84. (e yy. 


nd x8 
85. хе cose 


Sea 
(хЕ2)(х—3) 


1 ‹ 
87. Крга; 


_х?-Е8х-+Е4 
х3-4х 


E 


3 
:96. | 
! 
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x245x—1 


89. ууй бу ETE, 


Find each of the following integrals : 


x2 
9. [33^ 
91. [ In x dx 


cos x 
22 | l+sin x e 


1 
эз. fa (225 +43) dx 
0 


2х2--5х-Е1 
eR | III. 


95. | (еу оек Л dz 
0 


x24 е^ у(х +30 +4) dx 


( 
(х 


2 5 

(2 са Р 

97. | —— dx 
0 
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389 
Some Important Results of Derivatives and Integrals 
fe» f'e 


ЭН 22-22 Lo oo 
ec fce ME ыг, 2-2--2--- 


K (constant) 0 
х! rum 
ag (x) ag(x) 
g(x) +h) g(x) +h) 
n n 
Ын a; 7:09 а 7709 
g(x) A(x) g(a) +h@)s'C) 
g(x) Шо) о) —2 Coh G9 
A(x) A(x) yp 
sin X cos X 
cos X —sin x 
tan X sec? x 
cot X —cosec? x 
sec x sec x tan X 
cosec X —cosec x cot X 
e ё 
In] x ! Л 
х 
es In a 
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fo») J 7(%)ах 
К (constant) Kx 
1 n+1 
d с 
1 In | x | 
53 
sin x —cos x 
cos x sin X 
: tan x In | cor x | = —In | cos x | 
cot x н f In | siu x } 
sec x In | sec x--tan x | 
cosec x : In | coscc x—cot x | 
i; Sec? х tan x 
овес? х —cot х 
Sec x tan x З ѕес х 
cosec x cot x —cot x 
eu ! 22 
а* 23 
Ina 
Ч гэх М: яд 
b 
a ee e NDS Ln E TR а ЫШЫ” ТШЕ 


10. 


1i. 


10. 
11. 


ANSWERS 


UNIT XXIV 
Exercise 24.1 


Decreasing 

Exercise 24.2 
Increasing in the interval x > 0, 
decreasing in the interval x « 0 


Increasing in the interval x > 0, 
decreasing in the interval x < 0 


Од 8 1 
Increasing іп the interval х چ2‎ А 


decreasing in the interval х < 


Increasing in the interval x > 2 and 


x < —2, decreasing in the interval 
—2«x«2 


Increasing in the interval x 7 ЇЕ 
decreasing in the interval х <1 


Increasing in the interval x < 0, 
decreasing in the interval Х 20 


Exercise 24.4 


None 
21 


Not continuous 


12. 
13. 


= 


е EU ds 


Continuous 
5 
UNIT XXV 


Exercise 25.1 


Exercise 25.2 
= nie 
2 cos 2x 
—3 sin 3x 


4 cos 4x 
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— 3 sin 5x 

=2 1 
х 5 {соз 3x 7) 

3x? cos x3 

24/ sin x3 
A(x2--cosx)? (2x—sin х) 
(x3—2x--2) cos x --(3x?—2x—2) sin x 
cos ax--cosibx sin bx 


Ax(1 —x2) sin (1—x2)* 


2x cos 2x—3 sin 2x 
Е 


3 sin? x sin 4x 
m sin ^!x sin (014-1)х 
2x sin (x*4- 1) 


3 (3 sin? x—cos> х--2) (3 sin 2x + 
5 cos4x sin x) 
5 (t sin t—cos у). 


7 £ 
(ros t+sin (4-27 ^.) 


AV 
В 


sin?u| совчи(3со8:и--5 21)- 25 02нын3| 


(cos 3u)* 

0 

1 

21 

223 

2 
0,0 
0. 
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26. 
27 

28. 
29. 


30. 


33. 


0 [20 (4/2-- 1) +я(2у2+1) 1 


aie 
° 1024/2 
6y+3/3x—3—2/3 = 0 
2y—34/3 = 0 
у—4=0 
2у—4х+ = 0 


y-Q4-v2x + QV 
—4/2-1-— 0 

6y—3x-n—34/3 = 0 

2х—п = 0 

у+х-1 = 0 

6(5—V/3)y-+ 12x-+ 63 3+15—8 = 0 

6x—n = 0 


олудун a © 


Ix—x ='0 
Increasing 
Increasing 
Increasing 
Increasing 
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sec? x 

--cosec* Х 
. sec x tan X 
~cosec X cot X 


— 6x cot2 х! cosec? x 
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3 1 3 
20. -у-(—2х cosec x? cot x* + тух 


3 Ёоо 
Л: >м x sec x 2 s 
—€—M— x 


8. —4 cosec 2x cot 2x 3 
9. 2 ш 2х » (cosec x2 3eosVx4++5 сох?) 4 
: 21. 8 tanx(secx-Ftanx sinx) 

А = (tanx-+cosx)* 
10. -2-(х cot?x) 3/22 5 

2 mo изле су на. 

x [cot x—3x cot? x cosec? x] DIDI 32 16 
x 23. 84/3—36 
11. sect ) 9 
зд. 3 82-82) 
2 cos X 5 

12. —— + 2 Р 

(1—sin x? . ysechx4 ysinx--2 

2ycosx—tanx 
13. x3 tan see? joe tan? T sin2x--y 
* 2siny—x 
МЕЕ a7, Xx rese 1s 
"^ 2ухЗяш xd-tanx + хубсоз(ху)+02—х 
15. 10(їап®х-Есозес?х-+2)* 28. (1-5 весх tan x+y соѕес?х 22 
Ч ; 3 Cotx—2ysecx 


x (tany sec?x—cosec?x cotx) 
29. 2ху--2(1--х2 tanx вес?х 
` TF Ay созу)! +) 


{апх x2—1 
16. 2x (ec Pra) are 
1+х2) ' +22}? sec y) вес 01 
х[(1-++х®зес?х— (14-х3)2соѕес2х—2х tanx} 777 sec(* yj- sec? x+y} 
an sin(x-F-y)--ycosx 
17. (2x+ 1)вес х2--х--2) . sin(x--)-Fsinx 
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Esai ES 31. “х созес%{ху)—Х-Е1 


sect —x'cosx— 2xsinx 33. 2у-4х-рл-2-0 


19. Fttanx+ 
4-ѕесх tanx)(4/xtanx—x* sinxsecx ) 34. Зу--484/3х--164/3х--21 = 0 


ә em 
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12. 


о че ۾‎ 


. Y—24/ x X«-x—4 = 0 

. 4y-12x—27x—18 = 0 

. 8y—4x+n—-8 = 0 

. 3y-E(-- 1l)x—x(n?+1) = 0 
. 24y—2x--x—96 = 0 
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- 12.8 m, 4 seconds 


. 80 


8,8 


. 200, Rs 36500 


ا 
Jy units from supporting end‏ - 


1422: 
2236 
m 
4 
: 1 


With radius r — (2) 2 сш 
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Exercise 26.2 
1. 8, —10 
13 
2. —35 -11 
м 
89 
3 4-6 
о 
Coil, 5 
47 89 
57 8 ^24 
6. 17, —111 
7. 144, 0 
8. 34/3, 1 
9. 2, i 
10. 27, 0 
т 5x 
---,/-т--0ү3 
EE E 
pe 
3 » 
3 
12: U (+) 
13. 70.0 2 
8 
3 
کت‎ ag 
14. DURS 
1 
15:13: 69 
17. 2 
18. 2500 59. т 
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Exercise 26.3 
Maximum at x — 1 is 19 and 
minimum at x — 3 is 15 


Maximum at x — —2 is 0 and 
minimum at x = 0 is —4 


Minimum at x = 2 is 2 
Maximum at x = 0 is T 
None 
Maxi tx= 123 15 8с1 
aximum at x = 3 9 
US беку; Л 
Minimum at X = | 6 
172) 


л is т 
В dessen = ip 
Maximum at 6 7—6 


А 3 л 
and mihimum at X = -68 -43-8 
: ft 

Maximum at x = 2 is zs 
Maximum at X = 215 —1 
Maximum at x = l is 2 

138 ie 3 

Minimum at ¥ = vine 2104 

15 15 

219532 


The wire isto be cut ata distance of 


28x 


ere m from one end 


5. 
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15. 
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17. 
22. 
26. 
27. 
28. 
29. 
30. 
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33. 
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Miscellaneous Exercise VI 
Increasing in Ox x < т апа 
Tr 
АТ < X X 2n, decreasing in 
3x Tr 
42552576, 
1 uie 1 
ncrezsing in x > AT 
decreasing in x « = 
Increasing іп х > 0, decreasing іп 
x«0 


Increasing in 0 < x $ 1, decreasice in 
X 


Increasing in x < —1 and x > —1 
fu) =3 
—2 sin 5 
0 

0 

1 

Yes 
—2x sin x? 
3 cos 3x 


(1-5x2)sec?x —2xtanx 7] - 
х5) 


2хсоз x? = [ 


5—10 cosec2x cotx— 6x cosec?x? 
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35. 3(tan4/x-I-x2—sinx)? ‘ 51. Maximum at x = 9, minimum at 
525883 Aa А x 5 
x( 2x +2x cosx ) 4 < 
36. —cosec x cot x-i-cosec? x 52. Maximum at x — 0, minimum at 
л 
37.2, 2 3 72,237 
54: x —5 


38. 5-1) x < 
(с 2 56. 15, 15 


1 57. Maximum at x = 1 is 68. minimum at 
39. — > 

бе tot 1368-55) x = —6 is —1647 and minimum at © 

: x = 5 15 --316 
40. Jcosecta —y"sec?x—cosx Үл 
3y?tanx--cotx 58. Maximum at x — 2 is 139, 
AO T Aicos minimum at x = 2 is 75 
ycosy--siny-4-2xv 59, None 
5 66. Мр imum at x = lis —2 


m: (1—у°)созу-—2узїшу--зес®у- 

61. Maximum at x = 8 is 251 

43. y—(4-2/3)x4- minimum at x — 0 is —5 
F EANOLrT2- 43-0 62. Minimum at x — 6 is 14 


i at x = 22 is 211 
44. y—3 =0,y+3=0 63. Maximum at X is 224/ 


64. Minimum at x — ! is4 
45. y = 0,2j--Ax—a—2 = 0, 
2y—4x--z--2 = 0 65. Minimum at X —— = is —V2 Я 
46. 9»--6х4-л-2743 = 0 л 4 
47. 4y—8x4-8—x = 0, 4y+-8x4+8—n = 0 
Е 
ya x—2 = 0,х12= 0 67. ML 


49. Maximu n at x = EVEN. „minimum 68. 27 


мез 4 58720 


- Minimum at x = 64 , maximum at x=0 70. (2v3, 3), {—2V3. 3) 
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Exercise 27.1 
1 
1. (b), (c) and (4) are not possible. 10. (2) ту (5) E (c) ВЭ 
1 2 2 1 5 
2. (a) 5 О OF (9) -6 © 18 
T (4)! (e) 0 Exercise 27.2 
3. (а) 5 Ф i (с) + 1. (a) and (g) are mutually exclusive. 
g 2 1 
1 1 " 6 
ОЗ or Ou 5 
11 
1 1 3. iz 
(4) 5 (0 36 (A> 36 
4 (a) нин, HHT, HTH, HTT 4. (а) 3 (b) Ё 
THH, ТИТ, TTH, TIT Е 
9 1 
F i (с) 13 (d) 3 
(0 Ugo у (юзе ШЕ (нөх 
2 5. (a) 0.58 (5) 0.52 (с) 0.74 
1 1 
(9) > (0) = 1 5 
8 8 2 = таа? i 
6. (à) 6 © top © 54 
1 1 
6. (а) Is (b) vas 7. (a), (c) and (d) are independent. 
3 15 
RN ЭНЭ 1 
i O 6 XL Wag 0 т 
5) 
” rk i OE 25 
mE 1296 
9 7 13 
8. (а) эл. (0) 50 (с: 5 3 
20 3 50 00. a) O ae PGS -- 
11 | = 
(d) 50 (е) 20 
= п. (а) 0.18 (b) 0.12 (с) 0.42 
9. (a) S = (її, 12, 13, 14,16: 21.22. (d) 028 (0) 0.72 
23, 24, 26, 31, 32. 33, 34, 
36, 41, 42. 43, 44, 46. 61. б 1 
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Exercise 28.2 
ШЕ Ооз ea gc] 
£ = 0, s-—12, c- 1095 
k = 1.6, 062 = 224, о = 1.497 
# = —0.2,0* = 1.56, e = 1.249 
w= 11, of 2,89, o= 17 
BY 
27 
E 
ГЭР" “з, = 0.377 
400 
2873 
225 
5 
4 
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Miscellaneous Exercise УП 
п AT 
8:7:8:278 
A UHR 
A 26 
28° 
8 
E 
3 
A ( ER iD 
(i) тү (ii) 5 iii) % 
1 
200 
(i) 0,60 Gi) 0.25 (їй) 0.50 


MATHEMATICS 
8. 87 
e 
10. (a) 0.55 
Bist 
12. (a) 2 
13. (a) 4 
@ 2- 
14. ын 
15. a 
16. (a) 02 
(d) 0.3 
17. (a) EA 
(c) in 
18. 4 
19. (а) l 
(c) D: 
20. (а) ст 


(b) 0.65 (суо 


(b 0.2 (0 0.3 
(е) 0.7 
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169 
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(а) тар 09 sore 
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Exercise 29.1 
х2—5х+6 
х2—5х 
= Ate 


ЭС 
S5 + 6x—10 


І 
ae 3 


3 
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6 3t 3x 
ЖЗ. х2 
t sua 
xé 
8. an 
Exercise 29,2 
х2--х-30 
х®—5х 
x2 
a = > +6x—10 
эы A 
a +х+4 
2 
62 = oe 
2x + 2 
Exercise 29.3 
5x? 
1. z t$ sin Х--с 
5 
2. — ê 2 tan xte 
S ON UNO ae a! 1 
3; 3t x3 DE SEM 
БЖИ! 
4. арт 
5. —2cos x—tan x— CTUM 4 
У х Ft 
6. tanx—x—x8 4¢ ry 
3. 
1 A eo 
7. Xu RAA -7с016-0Х4-2 


9. (b) 3 sec, 53.4 misae 
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10. ax?--bx-c, a, b, сє R EA 
3 
11. -5 27. M +2cosx+2x+c 
12. 4 ] 5x? 
28. tan x.- 55—16 c 
13. Ze. x? i 
29. sin x—cot x= tee 
a, ho 7 
Шер 3 
242 7 2х? 
15. 3 30. sin x+ tan x+ 5 +e 
5) 
ЕВ UNIT XXX 
16 Sif tg 3 А 
А д UT ا‎ Exercise 30.1 
17, 6126 1. У 2843 e 
45 2 
E сойх 
18. 3 E 2 ==- л 2. LAT arta 
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4 2250 а 
19. — х SOS in4x2 
a ш оу 4, te è 
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5x 
20. —3 cot X—7— —Cosx-+e 5. aoe n 
21. tan x+sin x+e 
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1 il 1 7. 3 5 
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э 5778 
sin x sin?x 
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dz 

2 
56 

9 
125 
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A 45 240122 
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Exercise 30.2 

—2 cos x+x cos x—sin х--С 

x? sin x+2x cos x—2 sin x+C 

xsin2x — S COSE cos 2x +c 


2 2 4 


sin nx xX cos nx 


n n цас 
x? sin x2 os x? 

sin a с c 
sin x? X! cos х? 
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n n 
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x 2x45 3x cos Пп G3—1)] 
= Seabee eee! v1 cos [In ( 
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ха х3 
13. E Inx — som +С 
14. t1n (541+5 ln (5-0-4--С 


x4 х4 
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= ij E 28) Те 


018. 1 nx ++ 
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